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Detection of Weak Random Signals in
IID Non-Gaussian Noise

Eevin R. Kolodziejski, Member, [EEE, and John W. Betz, Memiber, IEEE

Abstraci—This paper considers the defection of wenk random
signals in circularly symmetric, independent, identically dis-
tributed nolse, Locally optimum deteciors and od koc nonfinear-
tibes are considered, with asymplotic expresions provided for
cvalnation of defection performance. The analyiical expressions
are wsed to evaleate the robastness of detectors o mismatch in
the moise modeds. Finite-cample Monte Carlo simulation resabis
indicaie the reliability of these asympiotic measares in cases of
practical interest. The resulis show thal, as has been found for de-
tectinn of weak known signals in pon-Uamssian noise, ressonably
configured ad koc nonlivearithes are nearly oplimem and rebust
to mindest ervors in the noise statlstics,

Index Termi—MNon-Gaussian noise, nonlinear delection, robast-
ness, signal detection,

L INTRODUCTION

HILE work 1n signal detection commonly assumes that

the noise & Gaussian, there are mmportant applications,
such as lightning or ignition noise in radio frequencies, varions
impulsive nodses in acoustics, where the noise is non-CGaossian
or “heavy-tziled,” As a resull, the probability of encountering
large magnitude nose values 15 much greater than predicted by
Gaussian statistics, This departure from Gaussian statistics is
especially imponant in the detection of weak signals.

This pager addresses binary-hypothesis testing for random
signal detection in additive noise, For signal statistics known
only to within a scaling factor, the signal-plus-noise case be-
comes a composile hypothesis, and one desires o uniformly most
powerful {UMP) tesr that 15 optirmum (in the Neyvman=Pearson
sense) for each possible signal scaling factor. Although UMP
tests exist only in a few special cases when the noise i non-
Gaussian [1], asvemprotcally optimum perflomance can be ob-
tained for weak signals using a locally optimorm (LOsest [1]. In
general, the LO detector is a nonlinear processor. For a known
signal or a white random signal in independent, identically dis-
tributed {i.i.d.} noise, the nonlinearity is memoryless, and the
zero-memory nonlinearity (ZMNL) depends only on the mar-
ginal noise density. The LO test statistic for the known signal
problem is a ZMNL {which is lincar for Gaussian noise) fol-
lowned by a comelator, and it has received much amention in
the literviure [1]. While fewer publications have addressed the
randem signal case, where the signal is an i.i.d. random process,
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some earler resulis on LO detection of random signals in addi-
tive bid, nofse [2], [3], [4] show thi the LD test statistc is o
ZMNL (whach s linear for Gaussian nodse), followed by an en-
ergy detecios,

Much of the work on detecting deterministic signals, and vir-
taally all of the reposted work on detecting random signals,
assumes complete and valid knowledge of the noise stabistics,
Hirwever, a recent paper [3] considers detection of weak random
signals in generalized Gawssian nodse with unknown variance,
While other work on defection of deterministic signals shows
that reasonably selected 24 o nonlinearities provide nearly op-
timum performance over a fange of noise denzities [6], equiva-
lemt investigations of @ Aoc nonlinearities and robusimess have
nod been published for detectors of random signals.

. DETECTOR STRUCTURES

This section defines the detectors analyzed in this paper. Tawo
circularly symmetric complex-valued non-Gaussian noise den-
sities are introduced for use in numernical calculations and Monte
Carlo simulations. The ZMML for LO detectors and two ad kae
EMML s are detined in this section as aell

A, Non-Uaussian Noise Densities

Throughout this paper, both signal and noiss are assumed
I be zero-mean complex-valoed random processss, i
(the sigmal meed only be white and wide-sense stasionary)!
and circularly symmetric [7]. The noise @ has demsity
Felz) = fopeilzr,zp) = Rir), where & has real and imag-
inary components zgp oand z; oend modulos ¢ o= [z|, and
felr) = 2arhfr). One probability density function {pdf) for =

- used in the examples is the complex gencralized Cauchy (GC)

disiribation (8], where zg and z; each bave a GC distobution,

with resulting pdl
()]

=0

r a--'+l —e—= {1/

Fun(®) = fu(2) = ~grt
(2-13

where @ and - are scale parameters, and [} is the gamma func-
tion, This is a special case of the GC distribution defined i [1]
with & = 2, The GC pdf in {2- 1) is equal to the Cavchy pdf when
e = 172 and approaches the Gawssian pdf as ¢ = o0, The vari-
ance of the sero-mean complex random varable & is finite for

"t will e seen thas the sipnal sudistics only infleence the defecios sIrcise
e diiectyon perforecanc: Bmoigh the signal variamds, which is stsumed 1
ERERL.
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e > 1 and is given by of = E{[z]*} = /(1 ~ 1), with fourth
moment E{ (2|} = 28 /|{—1){w—2)], which is finite for v >
2. The kurtosis parameter, defined as 5. 2E{|z[*} /(20%) — 1,
is used 1o compare E{|z|*} o the fourth moment of a complex
Gaussian random variable with equal variance. From [8], the pdf
of the modutus is

—
2
folr) = i 14 (%)’] R R X
[

Another noise  pdf used in  the examples s  the
Craussian—Caussian mixiure (GG digribation

f:{z) = hir) =

£ _:"'':‘-""."':r|‘\-c|r|.:I Y £ E-'lf'i-'lﬂfm:

pilite ) T (=]

(2-3)

with mixture parameter 0 < ¢ < 1, nominal variance &2, , and
comtamination variance o2 . The varisnce and fourth moment
af z are o2 = E{|;|"}—{l—sja,mrlnsur:,mmﬂE{lKl’}—

(=120} +e2at  respectively. The pdf of the modulus is
folr)=2r (1 e (o) 4 gl )
Fﬂﬁm ':rl:nrn

(2-4)
B. Loy Derector

The complex-valued random observation vector X is X =
65 + W, where # is the unknown, positive, real, weak-signal
sciling factor, and & and W are random vectors cormesponding
to signal and noize, respectively; & is unit-variance, and W has
variance 2 , The detector tests the hypothesis 8 = {1, Under the
umm;ﬂms above, the L0 detector has test statistic t(X) =
-1 81 (75 ), where the LO nonlinearity is the memoryless
ransformation gu.o(7;) = (o2 /2)(FLolry) — duo(0)}Y/2, with
Guoir;) = (h"(r;)[R(r;))+ (K (r) fryhlr)) (1], (2] The LO
fest statisnc is the energy in the oheervations at the output of te
L memoryless nonlinearity g (). and its form depends only
on the pdil of the magnitude of the noise, For Gaussian nodse,

the LO nonlinearity guofr) = r.
For the circularly symmetric GC pdf, the LO nonlinearity is

e (P + 9+ ) 1)
{2-5)

or in terms of the nolse variance o, and kurtosis parameter r,,

grolr) =

ri., .

(#y (P2 + k) + i)
{1438y (R (72 45
1+ &,

quolr] =

2)2a? |:L+an]])

(2-6)

Fig. | illustrates the LD nonlinearities for GO nodse with wnit
variance for various values of the kortosis parameser, For k. >
0, these LO nonlinearities limit the inflaence of larpe magni-
tude noise observitions, In fact, for a fixed positive kunosis
parameter, the LO nonlinearity has the horizontal asvmptote
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Ko,

limy e gro(r) = (o201 + 36, ) /{1 + my ))Y%, In contrast,
the LO detector for Gaussian noase has no nonlinesarity to limit
the effect of large modulas values from mmpulsive non-Ciaussian
THAISE,

For the circularly symmetric GGM pdf i (2-3), the L0 non-
linearity is defined in (2-7), shoam al the bottom of the next
page. Fig. I illustrates the LO nonlinearities for GGM noise with
unit variance, for vanous valves of the kuriosis parameter, Since
the GGiM pull b5 commprised of two Gaussian pdf*s with different
wariances, the LO nonlimeanities have vwo linear regions, ope at
small modulus valwes where the pdf with variance o domi-
mates, and the other at lasge modalus values where the pdf with
variance w2, dominates, For finite o?__ | the LO nonlinearity is
untcunded for large modulas values. Moreover, for large mod-
wlus valises, there 12 no honzontal asymptote for GOM noise,
indicating thar i12 density has lighter tails than the GC density. If
a GGM noise model is somewhat arbitrarily selected to provide
robustness apzinal non-{iaussian noise, the GGM LO detector
Ay provide legs robusiness, since it implicithy assumes that far
ot i the tails, the noise exhibits Gaussian behavior, and these
values need not be truncated as they are with the LO detector
for G moise.

. Ad Hoe Nowlinearities

The LO detector requires exact knowledge of the noise distri-
bution. Since the nokse distribarion is vsoally not known, some
sinnple detectors having a memoryless nonlinearity g{-) that ap-
proximates the L0 nonlinearity of interest. One such ad hoc



nonlinearity is the sofi-limiter (5L} with breakpoint parameter
i, defimed as

() m r, l<r<a
geLir) = i, a %

The SL nonlincarity limits the infleence of large-magninde ob-
servations dae to a heavy-failed noise density by sefting them
eqjual fo 8 constant,

The hele-puncher (HP} nonlinearity is identical to the SL
nomlinearity for modules values less than the hreskpoint param.
eter, but it 15 equal to zero for inputs greater than o

(2-8)

b=r=a
0w

aplr) = {E (24

1L ASYMPTOTIC PERPORMANCE RESULTS

The performance of the LD detectors discussed in Section 11
depends on the signal amplitude parameter #, false alarm prob-
ability gy, and the sample size . Therefore, to determine the
relative pedformance of a LO detector and some other detector,
the detection probabilities most be computed for each wiple
(8, pp, ) of interest, A more succinct way 1o compans two de-
IBCTors is to comiple their asympiotic relative efficiency (ARE)
(17, Under mild regularity conditions, the ARE is equal to the
ratio of the efficacies of the two detectors.

A. Efficacy

The efficacy of & detactor is defined in [1] and is related to
deflection and oulpul sigmal-to-noise ratio (SNR) under asymp-
totic canditions. For any detector whose form is that of the LO
detector (ZMNL followed by an energy estimator), but with ar-
bitrary ZMMNL g(-], the efficacy is [9]

[y 2
a0 1) = = (5" [#) + 2] oty )
T R i) de — ([ wir)filr) dr)

.
(3-1)
where 44} = g*(-).

This result is a very gemeral expression for describing
detection performance. Tt yields the efficacy for any ZMNL
{or ne nonlinearity af all) and any ercularly symmetric noise
density (including Gaussian nodse). Since the st swacsie
is Gaussian-distributed under these asympiotic comditions,
efficacy is also directly related to the operating characteristic
(detection probability, false alarm probability). Consequently,
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Fig. 3. 5L breakpoant parameter that optimizes efficacy.

{3-1) can be used to predict performance of LO and sab-
optimum deteciors over a range of conditions, withowr the
limitations and demands of Monte Carlo simulations.

Expressions for efficacies of detectors under consideration
are given in the appendix. Numerical optimization of {A-2) and
{A-3) yiekds the breakpoint parameters that maximize the SL's
efficacy for specific noise density parameters. Fig. 3 shows the
optimum SL breakpomt parameter for the GC and GGM noise
models with unit vanancs and specific kurosis parameters.
For very small kurtosis parameters, the optimum breakpoint
parameter is very large, showing that the detector npproaches
the sguare-law (50 detector that is optimum for Gausstan
noise. As the kurtosis parameter becomes lange, the optimum
breakpoant parameter appears o approach asymptotic valwes
near the standand deviation of the nodse, with the horizontal
asymptote fior the GGM nolse somewhat larger than that for the
G moisa,

Murnerical optimization of (A-3) and {A-6) vields breakpoint
parametess that maximize the efficacy of the HF for specific
noise density parameeiers. The optirmem breakpoint paramees
fior the GGM and GC noise densitics with unit varance and spe-
cific kurosis parameters [9] is similar gualitatively 1o those in
Fig. 3. For very small kurtocis parameters, the optimum break-
point parameier is very large, ie., the detector approaches the
S0} detector that is optimum for Gaussian noise. As the kunosis
parameter becomes large, the optimum breakpoint parameters
appear to approach asymptotic values near twice the standard
deviation of the noise, with almost equal horizontal asympiotes
for the GGM noise and the GC noiss,

Interzstingly, the efficacy of the 50) detector, (A-7), depends
only on the kuriosis parameter, and not on moments of higher
orcder than four. This is similar 1o the known signal problem,
where the efficacy of the linear comelator depends only on the
vartance of the noise and ol on moments of order higher than
T,

gLU{r} =
[il_f}ﬂinm+‘£”§m] {l_E]'ﬂzun'F Eﬂ-:::!m
TnomTion ([{I—EJE‘EM-P T

Thom

{l—ﬂ'] |::I‘3 —FEMIJ Fgun‘::[rz 'IIdE“]""E {ri_'?fm] '?'E‘mﬂl:ri'fﬁ:m} ) 13

ﬂ'gun { [ 1- E]E"E;.nl‘-'l-'_.'-'l'?-" ! +E"Ec-:rne[r1 [ ]J

(2-T)
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AREye 1o

Kurlosts Parameatar

Fig. & ARE for SL, HP, s 50 deteciors relative to the LO detecoor for GGM
noise,

b ARE

Assoming some mild regularity conditions, it can be shown
[1] thar the ARE of a detecior A with respect to a detector B
1= given by the ratio of their efficacies. Fig. 4 shows the ARE
for GGM nodse of the 5L, HP, and 30 detectors with respect
o the LO detector as a function of the kurtosis parameier. The
breakpoint parameters of the 5L and HP detectors are choszn
to maximize their efficacies at each value of kurtosis paramerer,
Therefore, AREgy 1.0 and ARExp 1o in Fig. 4 are the ARE's
of the optimem SL and HF detectors relitive to the L0 detector.

When the kurtosis pasarmeter is 2era, the noiss is Gaussian and
the 50} detector is L0, Hemce, AH-EE.Q.L-L‘.I = A-H-EEQ,EH:] = [.
The optimum breakpoint parameters of the SL snd HP detec-
tors are theoretically infinite for Gaussian noise, and the SL
and HF detectors are equivalent to the S0 detector. Therefore,
AREsy, 1o = AREpe po = 1 ata kurtosis parimeter of zeno.

The crossing of the AREs; 1 o and AREge Lo curves in Fig.
4 ean be explained by considering the similarities of the SL, HP,
and LO nonlinearities in Fig, 2 for small and large kurtesis pa-
rameters. For small valaes of kurtosis parameter, the LO non-
linearity is similar to the SL nonlinearity, Both have a linear
region for smaller magnitades and approximate a constant for
larger magnitudes. For large values of kurtosis parameter, the
L0 nonlincarity more closely resembles the HP nonlinearity,
with a lingar region for small magninsdes and then an almost
discontineous drop to a smaller oatpar like the HF nonlinearity.

The predicted poor performance of the SO detector from
ARFEgy po for larger kurtosis parameter values can also be
explained by comparing nonlinearities. The larger the kurlosis
parameter value, the higher the probability of large noise
magnitudes. The 5Q detector does nothing to mitigate the
effects of these large noise magnitudes the way the SL., HP, and
L0 detectors do, and it allows these large values to contaminats
the test siatistic,

Calculation of the ARE for GC noise of the SL, HP, and 50
detectors with respect to the LO detecior a3 a function of the
kuriosis parameter, using the breakpoint parameters chosen o
maximize the performance of the SL and HF desectors relative
o the L detector, produces resnlis qualitatively similar i Fig,
4. These results can be explained by comparing the LO nonlin-
earity for GC neise in Fig. | to the 5L and HP noolincarites,
The SL detector performs essentially as well as the LO detecior

1 g a 4
Kunoals Farametar

Fig. 5. ARE of LO detecwor sssunsdng GO podse when acroal noise is GGEAL

over the kunosis parameter range shown. This is not surprising
considering the similarity of the 8L and LO nonlinearites in this
kurtosis parameter range, The performance of the HF detector
is predicted to be worse m GO nosse than it is in GGM nokse.
This is because the LO nonlinearity does not have the shape of
the HF nenlinearity for larger kurtosis parameter values like the
L0 nonlinearity for GGM naoise.

Otheer resulis [9] predicn poor performance for the S0) detector
in T noise, similar 1o the perforrmance in GGAM noise.

. Robusimess

T different tvpes of robusiness are evaluated. In the first
type, the kurtoais parameter is correct, but the noise arises from
a different distritation than that zssumed. In the second type, the
moise distribation parametric form is cosrect, but the assurmed
kurtozis parameter differs from the acial kurtesis parameter of
thi mioise.

Fig. 5 shows the robusmess of the 1O detsctor when the true
kuriosis parameter 15 known, but the wrong noise distribution
is assumed. The LO reference detector in the ARE assomes the
correct noise distribution. The ARE resulis in Fig. 5 are foran
LO detector designed for GC noise when the actual noise is
GiGM. Orver the kuriosis parameter range shown, similar resulis
are obtained when the LO detector is designed for GGM noise
when the actual noise is GC. As the kurtosis parameter tends o
zero, the ARE = 1 since the noise models spproach Gaussian,
The behavior can be explained by considering the L nonlin-
enrities in Figs. | and 2. As the kurtosis parameter begins to
increase from zero, the ARE rapidly degrades becauss the L0
nonfinearitiss of the two noise models begin to take different
shapes, In particular, for a koriosis parameter egual to one, the
slope of the GC LO nonlinearity at the origin is about twice that
of the GGM LO nonlinearity, For thess smaller values of kur-
Iosis parameder, the tal of the noise density is relatively Light,
and the noiss valees with magnitudes close to the origin have a
large effect on performance. For larger wilues of kurtosis param-
eter, the tail of the noise density has more of an effect on perfor-
mance, and the ARE is relatively constant, This relatrvely con-
stant ARE for larger kurtosis parameier values can be explained
by looking at the L0 nonlinearnities for large magnitades. Both
nonlinearities limit the cutpat magnitude to a relatively constant
walue,
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Consequently, if the noise kurtosis i3 koown, but the density
1% wromg (3l least between the two densities considered here),
there iz litle degradation of LO detector performance.

Fig. & shows the sensitivity of the LO detector to devi-
atioms in the actual noise kurtesis pasameter k,, for GGM
noise, The fgure shows the ARE of a detector using the
Ly nonlinsarity derived using the correct noise density para-
metric form but an incormect &, relative o the LO detector
with the correct noise densiry parametric form and the cosrect
Ky, 85 3 function of the relative kuriosis ermor. For & reason-
able estirnate of sy 4ogs), the relative emor is near zero and
the detector performs well, The reason that am LY detector
designed for GC nodse is more robust for larpe deviations
from fop petust can again be secen from the LO ponlineari-
ties in Fig. 2. The shape of the LD nonlincarity for GGM
noise varies remendously over the kuriosis walwes shown,
bui the L nonlineariies for GO noise retain similar shape.
Analogous resalts for GO noise have differemt character; the
curves maintain a value near umiiy For all positive wlues
on the abscissa,

When the noise 15 GGM, the curves ane approxmmately sym-
metric, showing that the effect of either underestimating or over-
estimating the kurlosis parameater i milar, For GO nodse, how-
ever, i1 s far bener w overestimate the kurtnsis parameter and
wse an LO detector designed for a larger kuriosis parametes than
miay be acheally encountered,

Fig. & also shows the well-known poor performance when
a detector designed for Gaussian noise i vsed in impalsive
nog-Ciassian moise, AL a relative error of -1, &, = 0 and
AREyor Lo = AREsg Lo

For the SL detector and the HP detector, robustness involves
evaluating the effect of suboptimum breakpoini parameters.
Figs. 7 and B show the sensitivity of these ad hec detectors
to deviations from the optimum breakpoint parameter o, that
maximizes their efficacy. The figures plot the ARE of the ad
hoc detector for GOM noize, wsing breakpoint @, with respect
to the ad koo detector ugsing the optimum breakpoint parameter
for each wvalwe of kunosiz parameter, as a funciion of the
relative emor. Cualitatively similar resulis are obtaimed [9] for
GC noise,
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The shape of the curves in all of these figures is broad aboul
zero relative error, indicating robustness with respect 1o break-
point parameter, whether the emror is coused by incorrect esti-
mation of the kurtosis parameier or of the noise density, or bath.
For these rwo noise distribution parametric forms, the shape of
the 5L is breader about zero relative emor than the HE, and it is
therefore more robust with respect to the break podnt parameter.
Morecver, it is better to emm on the side of making the breakpoint
parameter too large, rather than moking it 1o small, which de-
grades performance more severely,

L. Operasing Characterisiics

When the sample size of the LO detector is large encugh for
the test statistic to have & Gaussian distribution by the central
limi theorem, and the signal is sufficiently weak for the varance
of the test statistse 1o be the same under both bypotheses, the re-
sults from asymptotic analysis can be readily translated 1 oper-
ating characteristics. Under these assumptions, it can be shown
that the detection probability gy as a function of the cutpur SMNE
pp and false-alarm probability py is

pa =& (7 + & '(py)) (3-2)



KOLODEETSK] AND BETE: WEAK RANDOM SIGNALS TH 0D NON-GALSSEAM NOISE m

where @(-) is the standard Gaussian cumulative distribution
function and p,, the output SME (identical to the sguared
deflection), is defined as

5o = (ELX) L Hi} — E{t(X) | Ho})®
° Var{s{X7 | i}

Since the test satstics of inerest have the form #(X) =
3wy il ], then for sufficiently large n, p, = iy, £ Inpd,
where ni+, £} is the efficacy for nonlinearity ¢+-) and noise
density f-(-). and p; = & is the input SNR, since the noise
vartanee is unity. Therefore, for a fixed large n, a given py, and
srmall o;. the detection probahility can be approximated from
(3-Z) by computing the efficacy ivy, f.] and using

pa = B0, foin + & (pg))

[3-3)

{3-4)

IV, MONTE CARLD SIMULATIONS

The ratio of the number of samples that two detectors need
tor obtain the same detection performance is defined as the rel-
ative efficiency (RE). Under mild regolarity conditions, the RE
approaches the ARE as the sample size gets large [1]. Since any
practical detection problem has a finite sample size, the RE is
& mnare accurake relative performance measure than ARE How-
ever, the ARE is more readily determined analytically; deser-
r.'_ni!'li-ﬂ.E. the RE wsually requires extensive Monte Carlo simula-
tioaes.

Previously reported simuolation resulis [1], [10], [11] For de-
terminislic signials ndicabe that very large sample sbees are re-
quired for the RE 1o approach the ARE forseme delectors and
noase distributions. This section compares the RE from Monse
Carbo simulations to the ARE resulis presented in Section IT1 for
a random signal in GC and GGM nodse, indicating the sample
size required before analytical results derived under asymplotic
assumptions can be applied.

The simulations wse samples of a white, stationary, circularly
symmetric Gavssian signul added o iid. circularly svmmetric
noise. The unit-variance noise distribution s from either te GC
family or the GGM family. Since the noise distribations are pa-
rametesized by the kurtosis parameter, each koriosis parameter
of interest requires a set of Monte Carlo wials, run fior kurlosis
parameter increments of 0.1, The GC noise has one free pa-
rameter o determing the kuriosis parameser. Since GGM noise
has mwo free parameters, the contamination parameter & is sel
equal to 0L03, &0 thay samples from the contamination distribu-
tion occer, on the average, five times within 100 samples, en-
suring that almest all realizations of 8 hundred samples or more
include sampdes from the comamination distribution.

Simulations were run 10 determine the number of samples
reguired by a detecior to prowide the desired operating point
pg = 05 and pr = 001 al an imput SNR of p; = —10 dh
The detectors wsed in the simulations are the same ones used
in the analytical resubiz of Section I the LO, 50, 51, and HP
detectors. Results are for 104 and 107 independent Monte Carlo
trials.

An iterative approach is used to determine the sample size
needed to obeain the desired operating point. For the selected

TABLE |

MUMBER OF SasiPLES BEQUIED T OB Tam OFEuaTm PoinT py = 0L
andh o= (U0 A7 NPT SNE OF <10 dB PO GOM akD GO NOBE

—— st Misdel Piequired Momher of Samph
PMoiss Kunpats = i | Moise Eonosis = 4
Sguare Law (500 | GGM 5T 3355
GE am foen
Soft Liier (5L} | GGM 71 0
oc 51 e
Hode Pencher (HPFS § GG Iy | M
| ae 351 39

operating point. use the asymptotic result in (3-4) to obiain
an initial estimote of the reguired sample size. Synthesize
nnize-only realizations and signal-plus-noise realizations at the
stated mput SKE, and generate test statistics for each realiza-
tion and sach hypothesis, Use the noise-only test statistics o
obizin the threshold setting that provides the desired fraction
of false alarms, then determine the fraction of detections
using this threshold for the signal-plus-noise test statistics. In
our experience, the resalt is less thon the desired detection
probability. Increase the sample size by moderate amounts
until the measured fraction of detections exceeds the desired

‘detection probabality, then inderpolate to estimate the sample

size needed for the desired detection probability,

The resulis, summarized m Table [, show thit the S0 detector
i% ned robust to heavy=tailed noise, requiring many more sam-
ples {ie., a longer inlegnsion time) to obiain the same operating
point in GOM aned GO noase, In contrast, nonbimear detectors that
are reasonably matched 1o the non-Gaussian nodse densaty pro-
vide beter performance (e, shorter integraton fimes 1o obiain
the zame operating point) in non-Gaussian noise than any de-
tecior obtains in Caussian modse with the same varance.

Figs. @ and 10 compare the KE and ARE of the ad koc de-
teciors relative 1o the LO detecnor for GGM noise; additional,
similar reselis are provided in [9]. The smooth curve 15 the an-
alytically caleulated ARE, and the more jagped curve is the RE
for 10* independent wials. Data points denoted by X's ar in-
teger values of kurosis parameter are reselis for 107 indepen-
dem trials; these poims should have less varance than the RE
curve for 107 independent trials.

For the S0 detector in GGM nodse, the BE curve is relatively
smooth because of the large sample size required by the
S0 detector 1o obain the desired performance in impulsive
non-Craussian moise. Resals for the 5L dewcior in GGM
noise are shown in Fig. 9 Since the 3L detector ouiperforms
the 50 detector in non-Gaussian noise, smaller zample sizes
are required for the same performance. However, the smaller
sample size creates higher statistical variance in the RE data.
The BEE data follow the ARE quite well for small kurtosis
parameter values, but the RE falls slighty below the ARE for
the larger koriosis parameter valoes. Fig. 10 shows that the
ARE accarately predicts the finite sample size performance of
RE for the given input SNE. aoperating point, and GGM noise
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over the kuriosis parametes range shown, Howewer, resulis
in [9] show that the ARE of the HP detector gives a slightly
inpcourale prediction for GC noise.

While these results apply only for the specific detection prob-
ability, fulse alarm probability, and nodse densities that were
considensd, the following peneralizations are sugpestad,

+ For the coses considered, the asymptotic resulis are
very accurate—typically the asympiotic (theoretically
precicted) observation size iz within 10% of the size
measured using Monte Carlo simulations. Since the sim-
ulations reguire considerable compuotational resources,
using the asymptolic resalls is preferred and appears to
be justified,

As the detection perfommance improves Chigher detection

probabilities, lower falze alarm probabilitizs), more sam-

ples wonld be required, and conssquently one would ex-
pect the agympiotic resulis o be even more accurate.

+ Simulating the 30 detector in heavy-tailed noise is par-
ticularly computationally demanding for several reasons.
Since the 30 detecior has low efficacy, a large number
of samples must be uwsed 1w achieve the requisite detec-
tion performance. Also, since large-magnitude samples
are not arenuaed, they produce large-varance contriba-
tions o the test statiste, requiring more samples for the
test statistic o approach & Gavssian distribution. While
working at a kigher input SNE can avert the first problem,
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it does not kelp solve the second problem and may violate
the wieak signal aszomption inherent to this processing and
analyzis.

+ There appears 1o be like agnificant distinction between
the experimental and agvenpiotic results obtamed with the
two ad hoe nonlinearities and the tvo noise densaties,

V., SUMMARY

Crualitatively, the behavior of LO deteciors and deteciors
using adf hor AMMNL s for random signals in non-Gaossian noise
closely cormesponds to behavior previously reported for known
signals in non-Gauseian noise. The performance of the 50
detector, which is the LO detector for Ganssian nodse, degrades
substantizlly as the noise beeomes heavier tailed than Gaussun.
Betier performance can be obtained with optimum processing
in non-Canssian noise than with optimem processing in
Craussian noise, for the same imput SNR and observation
time. The ad foc SL and HP detectors have nonlinearities
thot approzimate LO nonlinecarities and thos are effective in
restoring and even enhancing the performance lost by the 50)
defector n non-Caussian noise. Each of these ad foc detectons
hos a nonlinearity consisting of two piecewise-linear regions
separaied by a breakpoint parameier. The ad foc deteciors can
be used without knowledge of the noise distribwtion, bat if the
nodse distribution is known, their breakpoint parameter can be
chosen to optimize performance. When the ad hoe deteciors use
the aptimum breakpoint parameter, they provide near-optimum
performance in the noise densities considersd. At least for the
classes of mon-Gagssian noise considersd. the SL nonlinearity
15 penerally preferred to the HP.

Expressions are provided io calculats the asvmptotic perfor-
mance of o broad class of detectors (including optimum and sub-
optimum nenlmeanties) in any noise distribution, Expressions
were alzo used to predict detector performance and o ovaluate
detector robustness to errors 0 the noise models, using sev-
eral drfferent types of modelimg errors. The results indicate that
using an LO detector, even assuming an incorrest noise distribo-
Lion, 1= mech better than using the SO detector in non-Gaession
noase, The resulis also show that the ad hoc detectors are robust
with respect to their breakpoint parameter.

Since the analyiical performance resulis are asvmplotic as
the observarion e goes 10 infinity and the signal power goes
by pero, Monte Carlo simulations mvolving finile observation
times and nonzero signal power were wsed 1o asceriain the ap-
plicability of the asympiotic resulis. The conclasion of this eval-
wation is that the asymplotic resulis are very accurate for the
conditions examined.

APFENDHX
EFFICACY EXPRESSEING

Using {3-1}, the efficacy of & detcctor with the SL sonlineanty
im {2-8) is defined in (A-1}, shown at the bottom of tee next page,
For a given f{-), an optimum & can be chosen (o maximize

sy, 1. ).
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Substituting (2-2) into (A-1) and expressing the noise density  The efficacy of the HP detector for unit-variance GC nolse as
parameders in terms of the noise kurtosis parameter &, yields  a function of noise kurtosis parameter x,, is
the efficacy of the SL detector for unit-variance GO nolas
niwse, GC)
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(AT The efficacy of the HP detectos for unit-varsance GOM molee 15
Substituting (2-4) into (A-1) and expressing the poise density Ve, GGM) ,
pm'nm:tcminlcnmnfm:nuls:kmllmispamn:tumwyidds =(1-01-g 1+_L_L_'ﬂ:i_ St ]
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where sl | =1~ /e, /(L — 2l and 1 + T(1 = ik, /e, 18 can be shown [9] that the LO nonlinearity maximizes the ef-
Similarly, substituting (2-9) into (3-1) yiebds the efficacy of  ficacy (3-1), which is

the HF detector i o { ]
r
e fo) = LGS ) dr —Safta) +afi(@)” Moo= o) [ f] o o
U g el dr — ([T e2 () dr)T
(A-4) ACENOWLEDOMENT
For a given f.(-], an optimom ¢ can be chosen to maximize The authors thank the reviewers for perceptive sugpestions
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