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ABSTRACT: Code-trocking aqecpracy, an importand aitribule of GRS receivers, deperds botk on chorecteristios of
the signal being trocked and on the design of the receiver. A simple expression fins been avatloble to predict
evde-gracking acewrecy for eorly-dnte processing of signals with sinc-squared speetre in white relse for an infieite
front-end bandiidth receiver. However, the literalure has not indicoted when this appraximation holds. This
paper pravides g more exact aralveis of code-tracking occuracy for early-lote discrimingtors peneerslRg eoRBe-
tinnal Binary phose shift beved signsls in white noize. New onelvticel expressions apply for varisus frond-end
handwricdths, disoriminntor speetngs, and code-tracking loop bandwidths, while wsing lnear models hesed o o
amall-error assemption, A theoreticol lower bourd is olso supplied, ndicoting inherent limits on eecuracy for
given conditions, While cooluaiton of the exoct expressions reguires apmerionl ndegrafions, rew algebraic
apprarimations are alse provided. Numerical results compare the parisus expressions and approcimations,

INTRODUCTION

Theosry has long been available for predicting the
mode-tracking accuracy of conventional iphase sig-
nals with pessudonoise spreading of rectangular
chips for code-tracking loops using earlyv-late dis-
criminators and receivers having infinite front-end
bandwidth. However, since all receiver lront ends
are bandlimited, it iz necessary to know Lhe condi-
tions under which the infinite bandwidth approxi-
mation applics, and o characterize code-tracking
errors when this approximation does not hold. Ref-
erence [1] presents this theory in the context of
GPS, providing an algebraic approximation for
infinite front-end bandwidth and outlining an
approach for numerical caleulations when the
front-end bandwidch is finite,

Although the algebraic approximation in [1] has
been applied to cases in which the front-end band-
width is finite, later work has attempted to develop
explicit theory that aceounts for bandlimiting at the
receiver front end [2]. This extension does not come-
pletely avoid assumptions of infimite bandwidih,
and thus vields misleading results, In particular, it
does not account for the effects of noase correlation
due to front-end bandlimiting,
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The code-tracking performance of a receiver with
a bandlimited fromt end iz of increasing importance,
Advances in receiver technology enable wider band-
widths and narrewer early-late apacing. The emerg-
ing question s what valuea are best, rather than
what voloes can be built. Very wide-bandwidth
C/A-code receivers with narrow early-late spacing
are being built; while the primary motivation is
diserimination against multipath, it is important to
understand the consequences for code-tracking
pecuracy in white nolse. Inm addition, the new
civil signal design at L5 (117645 MHzl em-
ploys 10,23 MHz chip rates [3]; the infinite band-
width theory does not fully apply for this important
situation.

This paper presents new expressions that (as
long as the standard assumptions apply) accurately
describe code-tracking accuracy in white noise with
any degree of bandlimiting, along with a new
closed-form approximation and the conditions un-
der which this approximation applies. All of the
discussion in this paper assumes that the early-late
gpacing in the diseriminator is legs than or equal to
a chip period, and that the receiver front-end band-
width is wide enough to pass at least half the main
lobe of the signal's sine-squared epectrum, We shaow
that the infinite bandwidth approximation [1] ap-
plics when the receiver is epacing-limited: when the



product of the front-end complex bandwidih (in
hertz} and the (two-sided) early-late spacing (in
seconds) is greater than w. As has been shown [1],
the approximate normalized code-tracking error in
the spacing-limited case depends on the earlv-late
gpacing, and not the receiver front-end bandwidih.

The infinite bandwidth appreximation does not
hold, and & new approximation is supplied, when
the receiver is bandwidih-limited: the product of
the front-end complex bandwidth {in Beriz) and the
{two-sided) early-late spacing (in seconds) is less
than unity. In the bandwidth-limited case, the ap-
proximate normalized code-tracking error depends
on the recetver front-end bandwidth, and not the
early-late spacing. The previows expression [2] iz
not accurate for the bandwidth-limited case, & new
approximation is alse supplied for the transition
region between the spacing-limited case and the
bandwidth-limited case,

A gualitative description of the problem being
analyzed and an intuitive explanation of the reaults
help motivate the remainder of this paper. Tt has
been established that analyvsis of code-tracking ae-
curacy, under conventional azsamptions of station-
ary noise, no dynamics, and moderate or high =ig-
nal-te-noize ratio, can proceed by modeling a nonco-
herent early-late code-tracking loop in linearized
formy: the difference in estimated power between
early and late correlator taps provides an error
gignal, which 15 scaled by the discriminator gain
and smosthed in the code-tracking loop.

Bandhmiting of the sipnal smoothes ita correla-
tion function, tending to reduce the discriminator
pain and increaze code-tracking errer, This offect
haz been accounted for in previesus attempts to
analyze the effects of hmited front-end bandwidth.
But g further effect occurs that has not previously
been taken into account: bandlimiting of the noize
introduces additional correlation between the srror
at the early tap and the error at the late Lap,
bevord the correlation intreduced at smaller chip
apacings from correlating the noise against the early
and late reference signals, The consequence is that
the code-tracking error of bandlimited receivers can
differ from what has been predicied previously,

COme consequence of this new and more accurate
theory involves application of the diseriminator
gain, While it has long been recognized that larger
discriminator gain implies improved code-tracking
aceuracy for infinite bandwidth receivers, this rela-
tivnship does not necessarily hold except in the
apacing-limited case, If the front-end bandwidth is
nit extremely large, there is a point of diminighing
returns in the reduction of code-tracking error onee
the ecarly-late spacing becomes smaller than the
reciprocal of the receiver bandwidth, even though
the discriminator gain may continue to increase,
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Furthermore, over rolatively small ranges of
front-end bandwidths and early-late spacings, the
root-mean-squared (RMS) code-tracking error oseil-
lates over a peak-to-peak range more than 25 per-
cent. Choosing appropriately matched bandwidth
and spacing can significantly lower the noize-
related contribution to code-tracking error,

Finally, we alzo show that, for any fixed front-end
bandwidth and high enowgh signal power, the
code-tracking error converges, for vanishing early-
late spacing, to a lower bowund (LB) computed for
the bandlimited signal. This result is in contrast to
previous claims [2].

This paper draws on s more general theory of
code-tracking accuracy developed in [4. 6l While
the more general theory applies to signals with
arhitrary spectra and for additive Ganssian noise
having arbitrary spectra, this paper focuszes on the
case of bandlimited white noise and signals having
ginc-zguared spectra, such az the conventional
gignale used for C/A-code and P{Ylcode and the
new civil signal proposed for LS. In contrast with
the more detailed development in [4. 5], this
paper emphasizes reaults and their application and
interpretation,

The fllewing analysis applies to conditions that
satisly o set of fundamental assumptions. It 1= as-
sumed that the integration time uwsed in the dis-
criminator iz long—much longer than the recipro-
cal of the receiver front-end bandwidth. The signal
ia assumed to be a known (o the receiver) segment
of peeedorandomly  meduloted direst  sequence
gpread-spectrum chips. Any effects from short peri-
ode of the spreading code (e.g., for C /A-code [G]) are
deemed to be negligible in white noise. The noise is
statistically stationary, white, and Gaussian. The
resulting errors are assumed to be small, so that
the lincarized analyvsis applies,

The paper models the code-tracking leop as an
estimator of the time of arrival (TOA) of the re-
ceived signal. The next section definea the problem
being analyzed, introduces the notation and as-
sumptions that are employed, and shows how the
tracking loop affects errors from TOA estimation.
The following section presents exact analyvtical re-
sults {within the conventional assumptions wsed)
that predict code-tracking accuracy in bandlimited
white noise, derives new approximations to thess
exact expreszions, and compares the new approgi-
mations and previous expressions. This section also
prosentz a lower bound on eode-tracking accuracy
that applies for any discriminstor with a band-
limited receiver. A et of numerical results iz
then presented to explore and compare the differ-
ent expressions and approximations, The last sec-
tion summarizes the resuits and discusses their
implications.
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PROBLEM FORMULATION AND
MATHEMATICAL MODELS

Thiz section formulates the problem being ana-
Iyzed, introducing notation and deseribing the aver-
all processing flow under consideration. It provides
mathematical models and assumptions, and defines
gl commaon quantities that are emploved in sub.
gequent sections,

The analveis wses complex baseband representa-
wons of signals and noise, and lowpass equivalent
models of filtering and proceszing. Thus, frequency
values of zers in the baseband representations cor-
respond te the carrier frequency of the radio fire-
quency signal.

Assume a lecomplex-valued) signal s(t) that is
knwwn (except for unknoen delay and carrier phase)
at the receiver. It iz assumed that the frequency of
arrival is known perfectly. However, as long ns the
frequency of arrival is known to within a fraction of
the reciprocal of the coherent integration time, this
approximation 15 valid. The received data is then
the =um of the signal and white noise, nitl, The
received data is observed over a long time interval
T, ®x(th = ofslt — () +nlt), 0=t =<T,,, where
the unknown delay, or time of arcival, L, is defined
relative to an arbitrary origin, and & is the carrier
phase. Consistent with most analvses of code-
tracking accuracy, it is assumed that t, either is
fixed or has time variation that is being tracked
perfectly by the receiver over the time period of
interest, so0 no dvnamics need be considered explic-
itly. However, the reaults hold as long as any change
in t, not tracked by the receiver is somewhat slower
than the reciprocal bandwidth of the code-tracking
loop.

The integration time in the diseriminator is de-
noted T, while the (gne-sided) equivalent rectangu-
lar bandwidth (also known as the noise equivalent
bandwidth) of the code-tracking loop is denoted B, .
Furthermore, it iz azsumed that T, iz muoch
greater than 1/B,, and that the analyziz is not
concerned with the transient start-up phase, a0 the
time frame of interest is 1 /B, =1 < T .

Since the signal is modeled a= known and not a
random process at the receiver, a power spectral
denaity ia found as follows., The Fourier trans-
form of the aignal obeerved over the time interval
ik = 1T = t < kT is denoted 8_(fk

kT .
8, () = Jf;kilnsft—tn}e @elge (1)

Define a power spectral density as S, (007 /T,
and recognize that, as long as T includes many chip
periods, B, (0°/T iz approximately the same for
any value of k. The signal's power spectral density
is then denoted by C,G(N = S0 /T, where G,(f}
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15 defined as a power spectral density normalized (o
unit power over infinite bandwidih

[ Gnar-1 (2)

amd C, 15 commenly referred te as the signal car-
rier power, alao defined over an infinite bandwidth.
It is assumed that this power spectral dengity iz
symmetric about = 0. The noise is white with
power spectral density N, o that the aignal has a
carrier power-to-noise density ratie of C_/N, Hz.
Hignals of interest here are phase shift keyed
(PSK} zignals with rectangular chip shapes (i.e.,
non-return-to-zers chips). For conciseness, we refor
to these medulations in this paper as conventional
PSK signals, in contrast, for example, with the
subcarrier signals described in [7]. For the convens
tional PSK signals, if the chip period is T., the |
normalized power spectrum of the signal iz

G, = T, gine*(wfT,) (3}

where we neglect any spectral hnes introduced by
short spreading codes,

It is well known (see equation (B-8)) in [8], for
oxample! that when the receiver front end has com-
plex bandwidth @, {produced with “ideal filtering™
—n rectongular bandpasa filter with no phase re-
sponse), correlation of the received signal plus noise
with the reference signal produces a maximuam out-
pul signal-to-noise ratio (SNR)

TE, B TC, [
i f o gine® df
Pa N, f_wzﬂntf}d N, f_hﬂ gine”( =f)

(4]

where the approximation applies for output SMNE
somewhat greater than unity, the normalized re-
eeiver front-end bandwidth is denoted b = T 3, and
the integral indicates the fraction of signal power
paszsed by the receiver front end.

This paper evaluates different code-tracking loop
approaches that all satisfy the canomical form illus-
trated in Figure 1. The received signal plus noise
enters a discriminator, which effoctively 15 an esti-
mator of the signal's TOA, A previous estimatbe of
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Fig. ! - Represenfodion of Code-Trocing Laop

Botz of al.: Extended Theory of Early-Late Code Traching 213



the signala TOA is aleo provided to this TOA esti-
mator, which vacs an integration time of T saeconda
to produce an unsmoothed TOA estimate. This esti-
mate i3 the update to the previeus TOA estimate
based on the received signal plus noise. Un-
amonthed TOA estimates are processed by a TOA
smoothing filter, producing smoothed estimates that
are provided to the TOA estimator as previous
eatimates.

Different versions of the T estimator are eon-
sidered in this analysis. When the TOA iz esti-
mated from early-late processing of the cross-corre-
lation between the received signal plus noise and a
reference signal, noncoherent early-late processing
(MELP} involves the magnitede-squared of this
eroes-correlation, implying ne knowledge of align-
ment between the phase of the reference signal and
that of the received signal. Coherent early-late pro-
cessing (CELP) uses only the in-phase part of the
cross-correlation function, implving perfect align-
ment between the phase of the reference signal and
that of the reference =zignal. Finally, an LB on
eode-tracking error 15 oblained based on  the
Cramér-Eao lower bound on TOA estimation, given
the integration time used in the TOA estimator,

Although the eode-dracking loop representation
in Figure 1 differs from those traditionally shown
(in [9], for example), it is mathematically equiva-
lent under the conventional linearizing assump-
tionag used o analyvze oode-tracking error. This
representation was selected to show explicitly the
diztinction and the relationship between the TOA
eatimator and the TOA amoothing filter, OF courae,
the amoothed TOA estimate is the conventional
gutput of the code-tracking leop—the current esti-
mate of the timing of the received code.

As deacribed in [4, 5], the TOA estimator in
Figure 1 ia modeled as performing block processing,
processing the received signal plus noise over each
T seconds, and using the smoothed TOA estimate
1, 88 the previons TOA estimate to provide an
unemoothed TOA estimate that persisis for the
subsequent T seconds until it is replaced by the
next unsmoothed TOA estimate. The unsmoothed
TOA estimate produced at kT seconds is denoted
t;. Consistent with most analyses of code-tracking
acturacy, it 15 assumed that the unsmoeosthed TOA
evstimates are unbiased and that the errors are
small. Henee, the conditional mean of 17 18 Bt} |
13} = t,, and 1ts varance is Varls} | 71} = Eli7} —
to P | 73] = ol

It i# shown in [4, 5] that for 0 < TB, < 0.5, the
varianes of the code-tracking loop sutput 18 approx-
imately related to the varance of the ensmoothed
TOA estimate by

al = Var{r}) = o!2B,T(1 - 0.5B,T} (5}
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Thiz relationship between the varance of un-
smoothed TOA estimate and variance of smoothed
TOA estimate ia independent of the apecific pro-
ceasing used to obtain the unsmoothed TOA esti-
mate, as long ag the estimation process conforms to
the canonical form shown in Figure 1,

Ohserve that equation (51 implies that the code-
tracking loop handwidth is constant in the expres-
gion for varianee of the eode-tracking loop outpat,
In practice, this may not be the eaze, sinee chang-
ing the earlv-late spacing changes the loop gain and
hence the loop bandwidth (see [10], for examplel
Numerical caleulations performed by the muthors
hawve shown that for limited front-end bandwidths,
the diseriminator gain diminishes as the early-late
spacing becomes small, inereasing the loop band-
width and thus the outpul variance (equation (31
Attempts uwsing computer simulations o hard-
ware Lo explore the behavier deseribed in this paper
must either account for this change in loop band-
width or keep the loop gain (henee the loop band-
width) constant as the earlyv-late spacing is modified.

AMNALYTICAL RESULTS

Early-late processing is one of the more common
approaches used for TOA estimation in the code-
tracking process portrayed in Figure 1, or equiva-
lently az a discriminator. Nencoherent processing,
which dpes not rely on knowledpe or estimates of
the carmer phase, is of interest, as well as coherent
processing. The LB calculated for a bandlimited
gignal provides a bound on processing performance,

While analytical results for various diseriminator
processing approaches have been developed by the
authors, this paper concentrates for simplicity on
early-late processing, carrying along the LB for
reference. General expressions for code-tracking se-
curacy using early-late processing are based on the
derivations in [4]. While these expressions are ex-
act under the assumptions given, they are compl-
cated, do not provide much insight, and require
numerical integrations in their evaluation. Exact
expressions are presented for the special case of
conventional PSK signals in bandlimited whits
noise, which are much simpler but still require
numerical evaluation. We also present simpler ap-
proximations, derived from the exact expressions,
that can be evaluated using algebra, as well az the
conditions under which these approximations hold,

General expressions for eode-tracking accuraey in
white noise with a bandhmited receiver front end
and early-late discriminator are obtained from those
in the appendix, which are not restricted to white
noise. The following resulis hold for conventional
PSK signals with chip period T, seconds in white
noige when the integration time used to form a
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correlation estimate in the discriminator is T sec-
onds {assumed to be muech lenger than T.); the
bandlimiting at the recedver is represented by a
rectangular bandpass filter with complex band-
width B, Hz {assumed to be much larger than 1,T),
B, = b/T,; B, 15 the one-sided code-tracking loop
bandwidth in herte (assumed Lo be less than 0.5 7T,
A= DT, is the (two-aided) early-late spacing in
geconds; G.(F) is the normalized (unit aread power
gpectral density of the signal in 1/Hz; C, i3 the
gignal carrier power over infinite bandwidth in
watts; and N, ia the power apectral density of white
(Gaussian noise in watts Shertz,

Figure 2 illustrates the definition of the normal-
ized front-end eomplex bandwidth, b, Figure 3 illus-
trates the definition of the normalized two-sided
discriminator spacing [

An LB on code-tracking error variance, denoted
of in units of seconds squared, for a given front-end
filter bandwidih and given cedetracking Ioop is
chtained by substituting G_if) = M, into equation
(14}, wielding the normabzed code-tracking error

VATIATICE,

Using the observation that for 0 <b <1, 1~
sinelzb) = b, while for 1 = bl 1 - sinc{whl = 1,
equation (6) can be approximated as

Bl - DE:-H- LT

S b1
i 3—_]}2
i o (7)
o ~
T2 . | Bl u.EB,_T}F b
2—"h
HU

Note that the LB deg= not depend on the early-late
spacing, but instead relates how well any dizcrimi-
nater can perform with a given front-end band-
width,

Substituting G, (f) = N, into equation (12} and
performing some manipulations yielde the error
variance of a esde-tracking leop using NELP, in
normalized unita of chip perieds squared:

(%)
T KELF

l“_:j _ B {1 — 0.5B,T) B - o058, T}j""'f sine® (= ein® (D) df
T EErrr]’T*" fﬁu t*gine®{ = fT,) df 2 TE
Mo a2 (2m ‘.n”—( "% taine? (wfising D) df}
B,(1 — 0.5B,T) A
= EH
2, T, ﬂrm ginc*{ wileos®( wiD) df
N, i d oy
C ki
B (1 — 0.68,T) T[ - l [J-wz gine*{ wfcos( «fD) I:II:‘J
= T, , (G} N T ke
Ebm[l — ainel whi] ()
e i h
% i ! ' ]
5| [ ; 4
2 | e
1] | |
s i | 1
£ i i
| U /\ /\
-2 =1 (1] 5
MNormalized FI"MUEﬂﬁ'
Fig 2- Signal Power Spectral Density and Two Differsnt Valiwes of Novmalized Front-Ead
Bandwidsh b
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Considerable manipulation of equation (8), using
a variety of trigonometric identities and series
approximations, vields spproximations for three
cases of particular interest under the constraint

By(1- EIIEBLT} [

lq‘?] Byl -~ 0.5B, T [1
hakl o i
T ) szue 2 b

Ny
By(1 - 0358,T)j1

P

The condition AR, = Db = « is referred to as apoc-
fng=limited, singe the error depende primarily an
the sarly-late spacing and nol the front-end band-
width. The condition A, — Db < 1 is referred to 8=
bencluidth-limited, gince the error dependa primar-
ily on the front-end bandwidth and not the early-
late spacing. The condition 1 < Db < o indicates a
brangition region between the two distinet limiting
cases, These three different regions are illustrated
in Figure 4.

Given the ahove, it ia straightforward to show [4]
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1
—1l1 .
C, _h] e
N, N,

that & = 1, which is ensured when the front-end
filter is wide enough te pass the center half of the
gignal spectrum’s main lobe, The resulting approxi-
mation is

. 7 = Db

1% 2
E)I1+T—_' 1<Db < (3}
2 -

Db =1

that for CELP, the error variance iz
( E-TE )
Tf: CELFP
B, (1 - 0.68,T) j gine?{ w Dsin®( = (D) df
=02

= [
{zn}*# ( f . Efm*{ﬂ fhsina FD) :lf)
[i} ol T

(1)
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which can be approximated, again using a variety
of triponometric identities and series approximea-
tionse, az

BL'.-l - DE‘B]_T_:'
C D,
o=
N,

Byl - 'I}.EE.,‘I"}{ 1

Ny

The result for coheront early-late processing is a
lower bound on moneoherent early-late processing.
The two diverge signmificantly only when the ideal
posteorrelation SNR, TC,_ /N, is amall,

Mote that while the code-tracking error, ox-
pressed i fractional chup perieds, iz ndependent of
the ehip period for the spacing-limited caze when
the front-end bandwidth is large, the error variance
ia inveraely proportional to the normalized band-
width and independent of the early-late spacing for
the bandwidth-limited case, Alzo, the expreasion in
equation {11} for the bandwidth-limited case is
identical to the lower hound in eguation (7), indicat-
ing that once the discriminator spacing is leas than

Val. 47, Mo, 3

o B, (1 - III.EBLTJ'[ 1,
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(11)

], b =1

the reciprocal of the front-end bandwidth, early-late
processing provides optimal performance, and that
thers is no benefit (in termes of code-tracking aceu-
racy in white noize) to further reducing the early-
late apacing.

NUMERICAL RESULTS FOR NONCOHERENT
EARLY-LATE PROCESSING

The reaults im this section compare numerical
calculations that use the expression for LB {equa-
tiom (G, the exprossion for noncoherent earlv-late
processing with infinite bandwidth from [1], the
previous expression for finite front-ond bandwidths
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fram [2], the exact expression for noncoherent
garly-late processing (equation (83, and the new
approximation for noncoherent early-late process.
ing (equation (9)). The resulis are calculated using
a coherent integration time of T = 002 5 and a
code-tracking loop bandwideh (one-sided equivalent
rectangular bandwidth) of 1 Hz.

Figure § shows the normalized code-tracking er-
ror predicted by the exact expression of equation (8]
over a range of normalized front-end bandwidtha
and diseriminator spacings. The error tends to be

BAS Momakzed Coda Teacking Eier

smaller for larger bandwidtha and smaller diserimi-
nabor apacings, with an oscillatory atructure super-
posed for larger values of b and D

Figure 6 shows, in contrast. the normalized
code-tracking error predicted wsing the infinite
bandwidth approdimation from [1]. which iz equiva-
lent to using the expression for the spacing-limited
(Db = ) case in equation (9) over all values of b
and T Unlike the oxscet expression in Figore 5,
Figure & shows no dependence on front-end hand-
width, shows the error appresching zere for dimin-

o

Fig. &~ Exact Expressian lequation (80 Euelweted ar O, /Ny of 30 dB-Hz

Zh

b

o

Fig. 6~ Infinite Bondaidth Approximetion Evaluated at C, /Ny of 30 dB-Hz
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ishing early-late spacing, and does not. display any
of the cscillatory strocture,

Figure 7 shows the absolube value of the frac-
tional error between the infinite bandwidth approx-
imation shown in Figure 6 and the exact expression
ehown in Figare 5 While the error in the approxi-
mation is guite small for large bandwidth and large
early-late spacing, it inereases im an arc whose
Incation in the Db plane correaponds to the loca-
tion of the transition region portrayed in Figure 4.

[+

The approximation error becomes very large for
gmall values of I, corresponding to the bandwidth-
limited case.

Figure 8 shows the normalized code-tracking er-
ror predicted using the previous expression from
[2], which, like the exact expression shown in Fig-
ure 5. must be evaluated numerically. Like the
exgel expression in Figure §, Figure 8 shows depen-
denee on front-gnd bandwidth and displays eome
oscillatory structure. However, it predicts that the

Fig 7- dbgplute Value of Froctiora! Error Betwween Infinite Boaduldth Approstmeon and Esact
Esproapinn, with Losger Absalute Error Indicated by Lighter Sheding
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error increases for small bandwidth or for small
gpacing, and the plot is truncated near the srigin.
Figure 9 shows the absolute value of the frac-
tional error between the previous expression shown
in Figure 8 and the exact expression shown in
Figure 5. While the error is quite small over much
of the plane (note that it benefite from numerical
integration rather than algebraie approximation), it
inerenses inoan are whose location in the Db plane
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corresponds roughly te the location of the batd-
width-limited region portrayed in Figure 4. The
approximation error becomes very large for amall
values of [, corresponding to the bandwidth-limited
Case,

Figure 10 shows the normalized code-tracking
error predicted using the new approximation (equa-
tion {33, While the surface does not display the
oecillatory atructure in the exact expression (allow-
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ing the algebraic expression to remain simplel, it
correctly shows the mereased code-tracking ervor
with diminished front-end bandwidth, and also
shows that the error approaches a DONZery Agymp-
tote with diminishing earlv-late spacing,

Figure 11 shows the absolute value of the rac-
tional error between the new approgimation shown
in Figure 10 and the exoel expression shown in
Figure 5. The error in the approxirmation (s consgis-
tently =mall over the entire range of parameters—a
substantial improvement over the previous expres-
gion for cases with small early-late spacing or front-
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end handwidths that are not significantly larger
than the chip rate.

While the surfaces shown in the preceding fig-
ures indicate gualitatively the behavior of the exact
pgpreszion and the approxdimations, more quantita-
tive resulis are obtained by considering slices of
these surfaces. Figure 12 shows predicted code-
tracking error for C_ /N, of 30 dB-Hz and normal-
ized front-end bandwidth of b = 10—a wide front-
end bandwidth. Except for the oscillatory behavier
predicted by the exact expression, the infinite band-
width approximation is accurate for wider discrimi-
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nator spacings. However, as the spacing becomes
narrower, the infintte bandwidth approxmatbion
predicts teo large an error, then predicts ermors
smaller than the LB indicates are achievable, The
previsus expression matches the exact expression
well in the spacinglimited region and the transi-
tion region, but has large error in the bandwidth-
limited region. In contrast, the new approximation
tracks the exact expression muoch better for the
smaller discriminator spacings. Both the exact ex-
pression and the new approximation ahow that with
small  diseriminator spacing, the ecode-tracking
error approaches the lower bownd.

Figure 13 shows predicted code-tracking error for
the same conditions as Figure 12, exeept C_ /N, of

20 dB-Hz. The resulis are similar except that with
small discriminator spaong, the error approaches
on asymptote somewhat greater than the LB, This
behavior is due to the sguaring loss incerred with
noncsherent processing, Sinee this behavior at lower
signal powers is well known, the remaining presen-
tation of results uses the higher C, /N, of 30 dB-Hz.

Figure 14 shows predicted code-tracking evror for
O, Wy of 30 dB-Hz and normalized front-end band-
width of b = 3—a moderate front-end bandwidth.
The infinite bandwidth approximation exhibite dif-
farenees from the oxact cxpression for most dis-
criminator spacings, overestimating the error for
larger spacinge and undereatimating it for emaller
spacings. The previous expression deviates from the
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exact expression for normalized discriminator spac-
ings leas than 0.5, and incorrectly predicis increas-
ing error for amaller spacings. In contrast, the new
approximation tracks the exact expression pccus
rately over the range of discriminator apagings,
Figure 15 shows predicted code-tracking error for
€, /N, of 30 dB-Hz and normalized front-end band-
width of b = Li—a narrow front-end bandwidth
that may ke of interest in designing discriminators
for the new civil signal at 1176 MHz. While the
infinite bandwidth approamation predicts continu-
ing reduced error from smaller discriminstor spac-
ings, the previows expression predicis increasing
error from amaller discriminator spacings. In con-
trast, both the new approximetion and the exact

expression indicate that thers iz little benefit (n
terms of code-tracking sccuracy in white noise) to
using o discrimipator spacing smaller than 1 chip
period, but neither does the error increase. This is
why the parameter set Db < 1 is called bandwidth-
limited: the small bandwidth imposes an inherent
limitation en code-tracking aceuracy that cannot be
overcome with smaller diseriminator spacing.
Figure 16 shows predicted code-tracking error for
2, /N, of 30 dB-Hz and normalized diseriminator
gpacing of Td = 1—a wide spacing. The infinite
bandwidth approximation applies well over the
wider bandwidths, but does not predict the redoe-
tion in code-tracking error obtained at normalized
front-emd bandwidths near 2, However, the new
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approximation and previeus expreasion both per-
form well over the entire range of bandwidths,
gince the bandwidth-limited region does not oceur
with wide discriminator spacing. The performance
is much worse than the LB, indicating the opportu-
mity to reduce error with smaller discriminator
Epacing.

Figure 17 shows predicted code-tracking error for
C, /N, of 30 dB-Hz and normalized discriminator
spacing of 13 = 0.5—a modernte spacing, The por-
tion of the graph left of the transition region may
be of particular interest in designing receivers for
the new awvil signal at 11596 MHz, The infimile
bandwidth approximation applies well over (he
wider bandwidths, but does oot predict the redue-
tion in code-tracking error obtained at normalized

front-end bandwidthe below & or the increase in
errar for normalized front-end bandwidchs smaller
than 2. The error predicted by the previous expres-
awn 1= too large for smaller bandwidths, Although
the error ie smaller than in Figure 16, the perfor-
mance i= sl much worse than the LB, indicating
the oppertunity to reduce error further with even
smalier discriminator spacing.

Figure 18 shows predicted code-tracking error for
C_ /M, of 30 dB-He and normalized discriminator
spacing of IM = 0.1—a parrow spacing, The infinite
bandwidth approximation appliea well over the
wider bandwidthe, bul does not predict the larger
code-tracking error for normalized front-end band-
widtha less than 100 In contrast, the provious ox-
pression predicts excessively large code-tracking er-
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rors for the bandwidth-limited region. Performance
iz very close to the LB, and is clearly bandwidth-
limited for normalizged front-end bandwidths less
than 10.

The oscillatory behavior of the exael exprossion
for code-tracking error in the spacing-limited region
of parameter space can be observed i Figurea 10,
11, 14, and 15 In esch of these cases, when the
receiver design 1= spacing-limited 2o that Db = =
there are local minima in code-tracking erqor for
Db = 2,6, 10,.,.. Conversaly, there are local masx-
ima in code-tracking error for Db — 4,8, ... Comse-
guently, there may be advantages in selecting
paired values of front-end bandwidth and discrimi-
nater spacing that aveid these local maxima and
sk the lecal minima,

COMCLUSIONS

This paper has presented more accurate analyti-
cal expressions for the code-tracking accuracy of
conventional binary phase shaft Reved signals im
white noize for lmited front-end bandwidih and a
eode-tracking loop using an early-late discrimina-
tor. While evaluation of the exact expressions re-
quires numerieal integration, new approximations
have heen presented that involve only algebraic
expreazions. An LB on code-tracking error for =
bandlimited recciver has alan been presented. The
new approsimaticn shows that there are three re-
giong of receiver parameter space that must be
eonsidered separately. These regions are defined in
torme of the normalized front-end bandwidth b,
which iz the complex bandwidth of the receiver
front end multiphed by the signal chip period, and
the normalized early-late diseriminator spacing I,
which is the (two-sided) spacing of the discrimina-
tor expressed as a fraction of the signal chip period.

The region defined by = < Db is referred to as
gpacing-limited, since the error depends primarily
on the early-late specing and not the front-end
bandwidth. The infinite bandwidth approximation
[1] applies for this set of réceiver parameters, but
does not apply for other parameter values The
region defined by Db < 1 is referved to as band-
piltfe-limited, since the error depends primartly on
the front-end bandwidih and not the early-late
gpacing. The condition 1 < Db < 7 indicates a
transition region between the two digtinet lmiting
cages, The previous expression for the bandlimited
cose s ineorrect for the bandwidth-Emited case
ginee 1t does not aceount for the effect of bandlimit-
ing on the noise eorrelation—an important effect
for narrow discriminator spacimgs.

The new approvimationa presentad in this paper
are aeeurate over the range of front-end band-

Wal. 47, No. 3

widtha and discriminator spacings, and can be eval-
vated readily sinee they invelve only algebraic ex-
pressions. The results show that there 8 no perfor-
manee penalty (in the sense of increased code-
tracking errer) for very emall discriminator spac-
ings, Recent work [ 10] has also verified the purely
theoretical results in this paper with experimental
resulbe,

Diserimingtor performance using parameter val-
ues amzociated with the bandwidih-limited and
transition regions iz likely to take on increasing
importance with the higher chip rate signals pro-
posed for the mew civil signal on LS, and with
continuing interest in narrow corvelator spacing for
multipath processing as well as improved code-
tracking acvuracy. Either the exact exprossion or
the new approximation presented in this paper
shiould be emploved.
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APPEMDIX

GENERAL EXPRESSIONS FOR CODE-TRACKING
ERROR IN GAUSSIAN NON-WHITE NOISE PLUS
INTERFERENCE

This appendix presents general analytical results
for code-tracking accuracy, as derived in [4, 5]
Special cases of these expressions for bandlimited
white noise snd conventional binary phase shifi
keved mipnals have been developed in the main
by of this paper.

When the integration time used to form a correla-
tion estimate in the discriminator is T seconds {as-
sumed to be much longer than the signal’s spread-
ing code periosd), the bandlimiting at the receiver is
represented by 8 rectangular bandpass filter with
comnplex bandwidth B, He (assumed to be much
larger than 1,/Tk B, ia the sne-sided code-tracking
loop bandwidth, in hertz (assumed to be less than
0.6,/Tr A 1= the (two-sidedr early-late spacing n
seconds; ({1 15 the normalized (unit aread power
spectral density of the signal in 1/hertz, assumed
to be symmetric; O, is the sgnal carrier power over
infinite bandwidih in watta; G ([} 15 the power
gpoctral density of Gaussian noise plus interference
in watts,/ herta; and a eode-tracking loop using non-
eoherent early-late procossing (NELP) has output
variance, in units of seconds squared, of

Betz el al.: Extended Theory of Early-Late Code Tracking 225



[ 606, (Dein®(nfa ) df

— P2

(EF';'?']NELP = BL{I - ﬂ.ﬁBLT}

mw}"‘c,( [ m,,madn{nm':dr}
bl

~B/2

2
( / B G NG df] _
&

F3

14

[ G, 06 e ar

(12)

H
uzm“m;*[ [t Psintniardf f "':; G, (flcos(wfa) u:If]
_EI_‘,I -

In eontrast, a code-tracking loop using coherent
early-late procesging (CELP) has ontput varianes,
also in units of seconds squared, of
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A lower hound (LB} on code-tracking Toop output
variance is obtained by eomputing the Cramér-Rao
lower bound on time-of-arrival estimation for inte-
gration time T, then assuming the estimates are
smoothed with the esde-tracking loop, yvielding
the LE
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