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I MOWAEMCLATURE

B Bandwidth
R Cancellation ratio

J/N Interference-to-noise retio per imterferer per
element

K Mumber of antennas

L Mumber of mulopath scattering centers

M Size of fast Foarier wansform (FFT) and,
therefore, the number of frequency bins
MNumber of interferesrs

MNumber of ripples in &} across band B
Number of time taps per anienna

Crrder of suboptinmim space-frequency
processor

Time dalay per tap,
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I INTRCOUCTION

It is desirable that GPS recsivers operats
efficiently, even in the presence of interference
and interferencse multipath. In ocder o counter this
problem 2n adaptive anlenna aray s required becanse
the location of the merfersnce will not be known,
o price, Conventtonal adaptive armays thal employ
spatial degrees of freedom 1o place nalls in the
direction of interferers perform well over very narrow
bandwidihz, but may be inadequate for broader band
operaion, espeeially when mulupath is present.
In arder 1@ form broadband nulls bath spatial and
temporal adaptive degress of freedom arg regqoired
{1=3], and a generic space-time processor that has the
potenhal 16 cancel both intgrferers and ther multipath
is shown in Fig. 1. This architecture 15 a special case
of the three-dimensional spece-time processar (30
STAP) proposed for radar systems to cancel ground
clutter, jammers and jammer multipath [3-7]. The
adaptive FIR (finite impulse response) filiers are able
o aalor the response 50 a5 to null interference plus
miultipath over broader bandwidths, provided the time
delays T are less than 1/8, where B is the operating
bandwidih, and the length (P — 1)T of each adaptive
FIE lilier 15 sotficient to encompass the differential
multipath delays. The processor works by choosing
the adaptrve weights w,, 50 as to preserve the desired
(3PS5 signal while simultaneoosly minimizing all
interference. That is, we use the fact that we have
infosmation on the angular location of 2ach GPS
satellite and the nature of the signal it ansmits, to
tailor the space-time flter w receive this signal while
rejecting others, In the next section we illostrate how
this 15 done for hypothetical antenna arravs,

. ADAPTIVE FILTERE WENSHTS

We now wish to choose the weights w,
shown in Fig. 1 50 ag to receive the signal from
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Frequency wansfer fncwon of filer i &),

Fig. I.

each! GPS satellite while st the same time rejecting
all other signale. In order to see how thiz is done refer
e Fig. 1. The interferers plus their multipath prodoce
a voltage v () on antenna k, and this voltage is then
received and downconverted, producing a voltage 1 (f)
at the input to the FIR filter, and a voltage v {t — g7}
of fme tap g. We then desite to choose o set of
Weights w, S0 that the filter output

E P-1

zi) =3 3 wvlr =gl

kanl g=0

i1

preserves the (PS5 signal while canceling the
miterference and its multipath. In order to compactly
formulace this problem let us define the KF = 1 vector
V oas

VT = [wy (0). v (P — 1) v (00 v (P — 13 (2)

where w{g) = v, (I —gT) is the volitage on time tap g
of antenna k produced by the interferers, inlerference
multipath and noize, Also define 8 KF x | weight
vector W oas

“.r!.'"[“"i_ln---I""i_,n_er-wf,n--'wr.Pﬂ-I:' (3
Then (1) can be rewrilten as
=WV, (4)

The aversge interference power at the flter output is
{|z]*y = WH v vTw

= WiRWw (3

where ¢ ) denotes an expectation and £ is the
interference-plut-noise covariance matrix. This
envariincs matrix is derived in Appendix A and
includes the affects of system bandwidth, multipath,
and channe]l mismatch. In practice, B is estimated [E)

That is, & diffeyeut sel of weights 15 obtaised for eoch GPE
saballite,

S50

by averaging approximately 4 K P independent time
samples of the received mierference. Because the GPS
signel strength is at lesst 20 dB below the ambient
noise floor, there is no need to be concemed abonat
obtaining signal-free samples.

When the desired GPPS signal is incident and signal
multipath is absent,? a voltage 5, (g) = 5,(t—g7T) is
produced on fime tap § of antenna k. If we define a
KEP x| vector 5 as

5T w (5 (0 my (P — 1) (00 s (P = 10
wie ze2 that the s1gnal voltige at the filter outpur is
5 =W'E.
We now wish o determine the weight vector W,
Because § Is a stochastic vector {rypically the

GPS zignal is a Gold code or a PR (paendonoise)
sequence) the classical soluton [B=13],

W=R"l5

(&)

7

used for detesministic signels (s not appropriate,
w0 we now consider some different approaches for
calculating W

A Mazimum Signal-to-Interference Ratio
The average signal power at the Alter ootput can
e obtained from (7) &5
e, F) = WH (55T )W

=WITW.
We now wish to determine the weight W lhat
maximizes the average signal-to-interfarence rato
- WHI'W
T Wi Rw
The desired weight W is readily shown [14] to be

the eigenvesior that comasponds 1o the maximam
eigenvalue A of

(B}

St (90

"W = ARW 10
with the maximum signal-to-interferance ratio
{ignoring signal multipath) egoal o the larges:
sigenvalue. Nate that the process is repeated for

each GPS satellite 1o be used in the sojution for the
plarform position vector,

In practice, signal multipath is not always
negligible, za the acual signsl iz §, = § +§,, where
&, 18 the multipath contribution. Then, the ideal signal
covariance matrix must be replaced by the actual
covarianes matrix

T,= (5" + 58 +5.0") (11}

*Im realicy signal meltipath s nearly always presest, When the
amienza s moumted oo a complex smucturs il is difficult o model
the multopath zocurately and izcluds 0 in our assumed sgnal. Thus,
we ars forced 10 assume that the incident signal i= compased oaly
of e direct, enscattered componeset.
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and the actual signal-to-interference ratio after
adaptation is

_ WD W
¢ OWHRW
Typically, the signal multipath ¢auses the actual
signakio-inierference ralio o be a few wenths of a
dB below the ideal value, OF course, the interferance
covariance mairix £ alwayz conlaing the interference
mltipath,

L1 (12

B. Minimum bean Sguare Error

A second approach is to choose the weipht vector
b minimize the mean square difference bebaneen
the desired temporal signal sequence 5, and the
total received volage WTZ, where Z =V + 5 s
the total voltage vector consisting of signal ples all
interference. That is, we choose W to minmize

£ ={lg,—WZ[F*
= la,a% — WT{Zss — W25,

s WHEET W, {13
If we differentiate ¢ with respect to WH | set the result
equal to pero and pse the information that the GPS
signal is independent of and much weaker than the
interference-plus-poise we find

W=Rg {14)

where

g, =185 (13}
ig the first colomn of the sipnal covarance mattx T,
The signal-to-interfesence ratio after adaptation is then
obtained by using (14) in (12).

The weight vectors i {100 and {14) are not egual,
but we have shown eisewhere (using very many
typacal portions of PN sequences), that the result in
(14} pives signal-to-interference ratios that are only
i few tenths of a dB less than those given using the
weight in (10}, Thus, ither approach is acceptable,
bt in the simmlations presented in Section VI, (14}
has been wsed.

. Minimum Output Power

Because the GPS signal is usually far below the
receiver noise level, 4 simple power minimization 15
often guite useful, In this method we simply constrain
the weight on the middle {ap of antenna 1 (ses
Fig. 1), and then minimize the cotpot power without
attempting to preserve the gain in the signal directon.
This method has the disadvantage of allowing for
possible signal fades, but the advantage of not
requiring the user 10 know the expected direction of
artival of the incoming GPS signal. This approach was
ncw pursued in this work,

In our snalvsis in Subgections A and B it was
assumed that the angular location of each GPS
safellit: in view is approximately known, and that a
saparate weight vector is calcolated to either maximize
the signal-to-intesference ratio or minimize the mean
sgquare error for each satcllite, However, because the
vizible GPS satellites uzsually lie gbove the horizon
and irecference very often comes (rom at or near
the horizon, it is poszible to maximize the average
of 51 over some solid angle 0 (or minimize the
average of ), where 0 inclodes nearly the entire
upper homisphere excepl the region near the horizon.
In this caze [' in (9) is replaced by " and g, in (13} is
replaced by 7, where

—_ 1 r
r =n—ujLstziS'5“}

— 1 JI{ .
= [ anss,
E ﬂﬂ e !

and 457 is the element of zolid engle. The advantages
of thiz procedure are that a) one no longer needs o
know the angular locations of sach GPS samcllite,
and b} a single weight vector is used for all satellites.
However, the disadvaniage is thal we can no longer
be assured of achieving full gain ar the location of
esch smellite, In o future paper we will present a
detailed wadeoff of individual constraints versus
hemizphere-avernged constraints,

IV SIGHWAL DISTORTION INTRODUCED BY THE
PROCESSOR

As we zee later the processor described in the
last section can cancel the interference introduced by
ensembles of wideband and narrowband interfesers,
but because the architecture in Fig, | does not have
2 uniform frequency response acrpss the aperating
band, it is possible that it will introduce a distortion
of the desired GPS signal. In order to study this
problem, including sieering vector mismatch, supposs
the GFS saellite is locited at polar angle (8, ¢ ) and
we assome it 15 at a different angle (6, ¢,). Then, it is
readily s=en that the response of the filter in Fig. | 1o
that satellite is

L E P-l & ;
Hif 8, é:0,0)= ZE W, Exp [fhf( ¥ qT) i
k=] g=0 ,
L. [156)
where f is the frequency, wy, = wy (6, &,)
exp(i2a L fe, ) i the carrier frequency,
E, = x,sinf, coso, + y, sind, sing, + 7, cosl,
(L7
(x,.¥,.2,) is the position of antenna k and w*q{iir.qp?]}
is the weight vector computed for assumed satellite
position (#.¢,). Becaase (6, 6.) and the filter weights
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Wy, are all known (after adaptation), this filter
function is readily constructed. IF the GPS satellite
emits a signal with a Fourier transform 5077, then, in
the abzence of signal multpath, the signal output after
passing through the adaptive filter is H{15(F}, which
can be wrilten in the time domain as

r[rjtf= dFH (S (Flexplils fr) {1R)

where, for notatenal convenienes we have suppressed
the angular dependence of . The GPS receiver
estimates tme delay by using [15, 16] the cross
eorrelation® of this received signal with the known
sipgnal

o
iy = JI dF S0 yexpiite £ (19)
[LE
If the signal is & stationary random process, then
SRS = PODSLF - 1) {20}

where P{f) 15 the power spectrum of the signal. If
(20} is used, along with (LE) and (197, we ses that the
cross correlation 15

LTl = (ritirgll + 71}
. F d FPUOH expl—iZnfrh. (21)

Typically, F() iz 2 positive, symmetric function of
7. o that in the absence of H{7 the correlation peak
cocurs at ¢ = (0, However, H{F) can introduce both

& broadening of the comelation peak and a shift of
that peak from the correct value at v = 0. This shift
{or bias) is introduced by the phase &) of H{).

In addition, the presence of () could lead 1w a
phase shift at the value of T where the correlation
peak occurs, and this could affect the high-precision,
differential (GFPS systems that use carrier-phase
racking. Thus, io a later section it is necessary to
carefully examine the effect of the adaptve antjam
fileer &) an the cros: comelation function, OF
course, if necessery, both the bias error and any phesc
shifts, but not the broadening effect, can be corrected
by following the adaptive FIR filter with the filwer
GO = B, Then, the cross comelation becomes

Ciry = JI' dfPOIH E exp(=iZn fr). (22)
Because P )1 is real, the pesk of |C(r)| now

lies af the correct location (v = 0) and, clearly, the
phase of C(0) 15 2er0, as desired, However, the

*This is refermed 1o in GP3 litsrabare as the “oode tracking Joop.”
I shoald be recoprized that () = B[] is not the anly opticn
for comnpemsaltion. In fact te Sibier G{N = H'{_.F;l."i.?-i'{;l’l-:’ -]
proferable bacause the cross correlation &'t} afier compensation
is ther usdistorted. However, whersas H{ ) 15 2 simple FIR filier,
G} 2 mat

352

correlanon peak can potentally be broadened. Thus,
there will be no bias in the p51:|.1u|:1n:::mn_gi:‘i estimate,
but the standard deviation of the ermor in the esimated
platform location may be increased. In a later sechon
we show that this compensation filer O is rarely
needad. Unfortunately the compensaton fElter B°(f)
deses not cure the rapge estimation problems cansed
by signal muitipath, Signal maltipath causes [17] the
cofrect GES signal transform 5CF) to be replaced by
S + ALY, where A is of the form

fe
Alf) = Z.z,cxp{ —i2xfr.) (23)

and &, is the number of multipath sources, and a,, 7,
are the strength and delay of each multupath scatterer,
respectively. Note that becausze the GPS satellite 1=

‘at & different location than the interferers, the sipnal

multipeth delays are different than the interiérer
rultipath delays. In the presence of signal multipath,
{22} is replaced by

Cir) = f T (PNECOPD + AU exp(—i2efr

(24)

Unless A(F) is quite small it s eviden: from (24) that
the signal mukiipath can introdece both a bias and a
Broadening of the correlation peak.

Vo SUBOPTIMUA SPACE-FRECUENCY PROCESSING

We now wish o explore a subopimum approach
[18] that may possibly reduce the compatationsl
complexity without greatly sacrificing performance,
Omne method thar readily sugpests iselfl is o process
in the freguency rather than the dme domain, Thai
is, perhaps we can split the operating band B into
M subbandz of bandwidih B/Af, and then in each
subband caloulate weights for esch antenna that
cancalz the mterferense by placing spadal nulls on
interferers within that bin while preserving the signal,
If the discrete Fourier transform {(implementad as
a fazt Fourier ransform (FET)) really did behave
az a "brick wall” filter bank that fully isolated cach
frequency ban from all others, we expact that this
procedure would rival the full ime-domain processing
discuzsed zarlier. However, because of leakape
betwesn bins, even with well-designed windows,

It i% necessary 10 comsider whal is happemng in
some adjacent bing when attempting to minimize
interference in a particular frequensy bin. We now
discuss & method for accountng for this spillover
among bins,

*Becanss the (PS5 aaalline and receiver clocks me aot ldeatical, 2
GPS aysem does nod messuse e range, bus rather peendo-range.
[f the same clock were used then the differential delay would yield
e rangc.
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Before we proceed to discuss this approach let us
first transfocm the data into the frequency domain as

M=1
X (m) = Zb{k:lx.l:k}txp( e

k=0
where bk} is an arbitrary windowing function (e.g.,
Hammang), x (k) 12 the volizge on time tap & of
amtenng s and X {m) is the voltage in frequeéncy bin
m of antenna n, We combine these components into an
KM 1 frequency-domain voltage vector X as

X7 X 00 K (00K, (1) X L)X ) X ()]
(26]

where & is the number of anfennas, Next, we define a
KM » 1 wedght vector W, im) for order ' processing
s

) as

gs the order is increased we can improve our abilicy
to cance] the intecference in exch bin while preserving
the desired signal there. In the limit when the filter
order () equals the number of taps, it can be shown
[19] that space-frequency and space-time processing
are equivalent

For filter order (0, the unknown weights in
(31—{33} are computed by minimizing the mean

sguare difference between the acmal voltage

{m}l in bin m and the Fourier transform 5,0m)

n? the desired signal. The procedure paraliels the
approech of DiPjero [18], and is omined here
(complets details are contained in [20]). In a later
seclion we compare suboptimum space-frequency
processing with full space-time processing to see
if space-frequency peocessing teally offers any
computational advantages,

Wy m)" = [0....Ow (m)....swy (0. ..0] @7
Wolm)™ = [0,...Owy (). Wy (o, Gt 4+ 13, g + 130....0] (28)
Walm™ = [0, 0wy (i — 1) wye (o — Doy (). g o (o 10w+ 100, 0, (29)

Then, for an arbitrary order (F the output i frequency
bin m after applying the weights m the data is

(30)
Thus, for first order processing, defined by O = 1, the

output after weighting in frequency bin m is given
by

Vyim) = Wi (m)X

&
V() = 3w (m)X, (m) (31)

which clearly shows that bin m is processed without
regard for the veliage in the cither bins, Second-order
processing, defined by @ = 2, gives

K
Voim) = 3 [w (meX, (m) + w(m 4 11X, (m + 1]
m=1 {32}
and for third-order (' = 3) processing we have

X
Volm) = 3 [wolm — 10X, m — 1) + w(m) X, (m)
nal
= w{m+ DX (m + 1)] (33)
etc. Thus, as we increase the order 0 we increasingly
account for the data in other bins when calculating the
output in 8 given bin e, Consequenty, we expect that
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Wi MUMERICAL SIMULATIONS

A Iatroducton

We now wish 1o evaluate the cancellation
performance of the full order space-tme processor
dexcribad in Section [ and of the suboptimum
space-frequency processor described in Section
W, We assumie 8 priord that the receiver in Fig. 1
contains an analog-to=digital corverter (AT
with sufficient dynamic range o encompass the
interference-to-noise ratio, We also assume that each
receiver has & regponse that is essentially linear over
the range of operation. IF one specifies that, in the
presence of a jammer penlinearity, variations from
receiver-to-receiver produce less than a 1 dB increase
in output inerference this leads w the requirement

(200 thar
047
172
’(H)

where J s the interferer power, J/N is the
interference-to-noise ratio and 5., @, are the cubic
ponlineanty cosfficients of recevers o and m,
respectively

For our first set of simuolations we consider a
seven-slement planar amyy with élements uniformly

(34)

— Gl € ———=
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spaced around a circle of radius squal to one-half
wavelength, assume that the operating frequency is
1.575 GHz (L.1) and that the operating bandwidth

iz 20 MHz. In the absence of multipath the adaptive
tapped dely lines shown in Fig. 1 are probably
unneécessary except for very strong interferers, becanse
the maximum delay across the armay in Fig. 3 iz only
0.67 ns. Thas, the product of the bandwidth and

this delay is only 067 = 107 » 20 = 10F = 0.013.
However, when the array is placed on a platform the
maximum differential multipath delay can be af order
of 100 ns and the delay-bandwidth product then is

of order 2, 0 that the tapped delay lines are clearly
necessary. In fact, Bt products as small as a few
tenths produce significant degradation if only spatial
aulling is used.

Our simulation accounts For antenna
cross-polarization, mutual coypling betwesn
anennas and mismatch berween the different antenna
resposes, We have found that for P = 1 mutual
coupling hat virtually no effect” on the results
unless the mual coupling coefficient is greater than

15 dB. For nearly all arrays of interess, the motual
coupling 15 well below this vahae, In the results to be
presemed the mumal coupling option was ignored in
order to save computer time. The antenna mismatch,
however, 15 an extrémely important parameter, and
wiz have expressed the antenna mismasch in teoms
of & quantity known as the “cancellation ratio,”
which is mines the logarithm of the normalized
residue power when two antennas are illuminated
by the same interferer and their outputs subtracted.
A high cancellation ratio means that the channels
are well matched and a low cancellation ratio
imphes poorly matched receivers, A depvation of the
cance{lation ratio in terms of the amplitede and phase
muismaich across the operating band is presented in
Appendix A

The multipath is modeled as a set of point
scatterers with an arbitrary strength and position. The
strength is defined relative to the strength of the direct
ray from the interferer, Thos, o strength of =40 dB
means that e multipath produces a voltage on each
clement that is 0.01 of the voliage produced by the
direct signal from the interferer, Addifional desails on
the multipath mode] are given in Appendiz A

Let us first examine how multipath affects
interferer cancellation, We congider the processor in
Fig. 1 and assume that the array is illuminated by
an array of interferers Jocated randomly in azimuth
near the horizon (1-y plane). The GPS satellite is
assumed to be located 10F off array boresight and
the multipath is modeled by four point scatterers
Iocated ar {d,d), (d, ~d, (=d,d), (=d, —a). Thus, for

SFe Pl (ma time w@ps] mamal coupling sipaifcastly affecs the
resilis if the coupling cosfficiens excesds appraximmely —30 dB.
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Fig. 2. Effect of multipath oo signal-to-interferenes loss for amay
that uses spatial depress of frecdom oaly.

interterees near the horzon the maxirnam differsptial
delay ., betwesn the direct ray and the multipath
8 T, = 2+/2d [, where ¢ is the speed of light.
Therefore, In order to compensate for delays of this
order we require that the nurber of Gme taps P per
antznna muost satisfy (see Appendix B)

P 10T 2 T i33)
For a ap spacing T = 1 /8 and o = 30 m this
condition becomes P = 1 + 0288 (MHz), where

8 (MHz) 15 the bandwidth in MHz. Thus, if only

one tap is used (e, spatial degress of frecdomm only)
we expect performance 10 degrade sigraficantly if
bandwidth is much larper than a few MHz, In Fig. 2
wie show the loss, relative (o the interference-fres
environment, in the adapted signal-to-interference
ratio for the cases when the antenna array is
lsrmimated by one, two, and three strong (/Y =

ol difantennafnterfersr) interferer, and multipath s
present and sbsent. Note, that although there is lintle
degradation in system performmance in the absence of
mueitipath, as expecied, when multpath is present the
performeance begins o degrade badly for bandwidibs
exceeding a few Mz This cleardy indicates the
need for the adaptive FIR filler behind cach antenma,
even when the antenna array is perfectly equalined
[cancallation ratio = o).

We now llhostrate for B = 20 MHz how adding
temporal taps cures the degradation introduced by
the multipath. In order to stress the processor we
increase the interference-to-noise ratio from 60 dB o
70 dB per element per interferer, but again assume
the array 15 well equalized (cancellation ratio =
120 dB). Alzo, now the four multipath scatieners
are placed rendomly” at an averape distance of

"The seattzrers are pleced randomly {usiform arobability degsicy)
within & cleculer ansules in the sume plame ax the anleiig armay.,
The inner radies of the anoubus b8 K- AK/2 and i ouser radius is
K& 4R where R = 137 meters and AR = 1 fcters.
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Fig. 3. llustration thel mercssing sumber of time tops dooomses
loss in sig=al-to-interfomence ratio.

12 m from the center of the antenna aTay, the tap
spacing 1= now (LE4 /B, and the results shown in

Fig. 2 are the averages over ten realizations of the
multipath scatterer locations. From Fig. 3 we see

that, 25 expectad, adding lemporal taps does indsed
reduce the loss in signal to mterference caused by the
imterference plus muldpath, The maxirum differsntial
multipath delay iz approsimately 140 ns so that

for T = 0.84/8 and B = 20 MHz, (35) predicts that

2} = 4-taps are required. As can be seen from Fig. 3
the signal-to-interference loss is always modest if four
or more taps are employed.

B. Effect of Chanme! Mismatch

Although the results in Fig. 3 are encouraging,
wie must recognize that they are for a perfectly
equalized amray, We muost now explore how imperfect
equalizetion affects performance, If the antenna
pair 15 illuminated by an imerferer that produces
an interference-io-nodze ratio of 70 dB per element
then a cancellation ratio of 20 dB implies that the
outpet interference-lo-noise ratwe after subtraction
iz 300 dB. However, an adaptive apped delay line
rie. FIR filter) of the type shown in Fig. 1 can
dramatically improve the channel egualization, 'We
illustrate this in Fig. 4 where we show the output
interference-plus-noise to noise ratio when a pair
of entennas operating over a 20 MHz band are
Uluminated by a broadband interferer that produces
an interference-o-nodse ratio of 60 dBfelement The
results shown are the averages over ten Monte Carlo
simuletions of the receiver amplitude and phase
ripples, for the case when each receiver has three
(random) ripples across the 20 MHz passband, Nowe
that, a5 expected, the adapive array self-equalizes if
sufficient temporal taps (a5 was the case previously,
the tep spacing is T = 0.84/ 8) are employed,
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Fig. 5. Setfequalization of two-antenna adaptive armay.

We have performed muluple, addigonal Mome
Carlo simulations of the self-equalization® capability
of an adapuve array, and some of the results are
sumnmarized i Figs, 5 and 6. In Fig. 5 we consider
a twoeelement adeptive array illuminated by a single
broadband mierferer, and find that the ardenna can
sell-equalize if each antenna contains 24, + 3 taps,
where & 1= the number of ripples across the band B
in exch receiver response function. Note that this is
aboul half the number of taps calcnlated by Monzingo
and Millar [2], because they use an adaptive FIR filter
behind only one antenna and we have one belind both
Anlenmas,

In Fig. & we consider the seven-element circular
array iMominated by thres broadband imerferers
located randomly along the horzon (0 < azximuth <
27). For this case only M 4+ 3 taps per antenna are
required. Fewer taps per antenna are required (as
compared with the two-element adaptive amay)
because the seven-element adaptive armay has the

" Wfa define “self-equalization’ s cancellarion of the mierfer=nce to
within 3 dE af the receiver asise flane
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Pig. 6. Self-sgualizoion of seven-aniensa adapive array

freedom toe chioose the four or five channels that
are best matched w each other, and iznore channels
with response functions that are very different from
the others (the two-glament array doesn’t have this
Tuxury).

Ome should (3f possibled choose a recelver
technelogy that has the minimum number of random
phese and amplimde ripples across the band B IF
the number A, of ripples is five or fewer it may be
feasible 1o self-equalize, Otherwise a fixed-weight
equalization Glter is required in esch channel.

C.  Effect of Steering Vector Mismatch

Becanse ane does not always know the precize
angular location of the GPS satelhie, it is important
to study the sensgtivity of the adaprive filtar o
arroes in satellite location. Therefore, we have
performed multiple simulations of the loss in owtput
signal-to-interfersnce ratio 25 a function of the
difference betwesn the true satellite location (8,4,
and our estimate (#,.¢,) of its position, for the cose of
one o thees strong jammers (60 dB/jammearelement)
located randomiy on the horizon (randomly piaced
over 0 < gaimuth < 2r) and 4 GPS satellite located
l'ah|:|-::||:n'l:,- in the upper hm:isph:r:. Bapt net within 15°
of the horizon. The mean loss dus o steening vastor
mismatch is sumroacized in Table [ Obsenve that as
long as the steering-veclor mismatch 15 less then about

15° the loss is toleruble,

D.  Distortion Introduced by te Adaptive Filter

In Section IV we discossed the petental effecns
ofn the crosscorrelation function inroduced by the
adaptive FIR filizr in Fig. 1. There are a number
of issues to be considered. These are: does the
adaptive filter produce @ bias (dme shift) of the
eross correlation function peak that is diffesent for
different GPS satellits locations {2 constant biss

T35

TABLE [
Lozs Duev o Seering-Veclor Mismabch

Ampgular Error in P53

Diirection {dzgress) Loss jn S (dB}
1] 0
5 ol
10 06
15 1.4
20 24
25 T

that is the same for all satellites doss not affect
the estimate of position using the GPS system)? Is
there significant broadening of the cross correlation,
leading o an increase in prevdo-range error? Does
the adaptive filter intreduce o significant phase error
that will affect the estimate of the carmer phase used
by high-precision differential GPS systems? W
have provided answers o thess questions through
multiple simulacons, wsing (21} w calcolate the cross
comelation function for the case when the GPS signal
is 4 PN sequence that has the power spectrum
e —us:ln

v ().

If (16) and (36) are substituted into (21), the ime
origin shifted wo the center tap, 2nd the integration
performed, we find

i36)

K Pl

Clry=Ry 3

kwm] gal

iy tria) {37)

where trifx) = | — |x| for x| = 1, @) =0 for |x =1
n:H[T-.EF*-}[q il 1]]]

and v = [ corresponds to the delay on the center tap
of cach delay line.

In Fig. 7 we show a typical rezult for the
normalized cross cormelzfion function O NC00)
for the cases when there are one o four,
broadband. strong (interference to noize ratio =
Gl dB/fel=mentfinterfersr) interferers located randomly
in aximuth along the horizon. Also present are Sour
moderate strength (—30 dB) multipath scatterers
locared randomly near the plane of the antenna at
an average range of 14.2 m. From Fig. 7 we note
the following points. 1) There i no discemaltle
displacement of the cross correlation peak from
its comect location at T = (. (In fact, in over 100
different simulations the largsst shifi we observed was
oaly L0578), 2) The cross comelation function has
nearly the same shape in the presence of one or bag
interferers as it doss in the interference-free case.”

(38)

M e abseace of mberferezes the pormalized crosscorrdlation i
1= 8fr| far jrj< B, and e for |v) = 8 i
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3) Even in the presence of four streng, broadband
interferers there is not a drastic broadening of the
cross correfation function. Hence, the increase in
peeudo-range ermor s modest

It is also imporant to gquestion whether the
presence of stroager multipath would modify the
above conclusions. Therefore, we vaned the strength
and location of the multipath scatterers, In Fig. § we
show resalts for one of the worst cases encounterad.
Again the crosscomrelation peak is at the correct
Iocation, but for very strong multipath (—10 dB) there
iz a significant broadening of the cross correlation
peak. In general, however, multipath this strong is
nol usual becagse =10 dB multipath cormesponds
tr & scatterer with a bistatic radar cross section of
253 m® at a range of 14.2 m. Thus, we conclude
that the adaptive FIR filter in Fig. [ does not shifl o
radically broaden the cross comelation function CiTL
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Fig. . Sieering vecior masmatch (dagreas)

Conzequently there s no range bias error and only
a very modest increase in pseudo-range error. The
compensation fillter &) = H*() discussed in (23]
I8 UnNecessary. .

We also studied the carrier phase error, which
is egual to the phase of 000, Typicel values of the
carrier phase error are shown in Fig. 9 as a function
of steering-vector mismatch, which is the difference
between the true GFS satellie location (8, 6,0 and s
estimated positdon (8.4, ) When the steering vector is
correctly estimated (mizmatch = 0} the carrier phase
errar is 4 fraction of a degres. Even for rather cruds
estimates {errors up o 2077 of the steering veator
the cerrier phase error 15 only a few degrees. Thus,
it appears that the adaptive FIR fiter will not have
a deleterions effect on differental GPS systems that
employ carrier phase tracking for high-precigion
position location.

Vil SPACEFIME WVERSLUS SUBOPTIMILIM
SPACE-FREQUENCY PROCESSING

We would now like to compare the performance
of e full space-time processor with that of the
suboptimum space-frequency processor, using the
metric of computational complesity. That is, for equal
computational complexity which method produces
& lower residual interference after sdaptation? The
number of real operations per second o form and
inmvert the covariance mairix, using an LU factorization
and forward-back substinution, for the full space-time
processor is'? 17.33 (PEVF,, where P is the number
of time taps and F, is the weight update rate. The
number of aperations per second to apply the welights

"0This assumes that 4 PE samples are used o asiimaie the
oovariance mairox, and that the covarance domain = used. IF the
R decompasstion is done directly on sampled daca then 17,33
{PEE, is replaced by 32 (PKY'F,.

FANTE & VADCARD: WIDEBAND CANCELLATION OF TNMTERFEREMNCE [N & GPS RECEIVE ARRAY 557



m (1} is (EE P — 2}F,, where F, is the sampling rate, o
that the total number of operations per second is the
sumn of these two quantities,

For suboptimum, space-frequency processing
there are 17.33 (£ QM F, operations per second
ter form &nd invert the covariance matrix, where
M is the numbes of frequency bing and (0 is the
processing order. For nonoverlapped FFTs we require
K+ 102 + Slog, M LF, operations per second to apply
real weights (e.g., Blackman) to the data block (of
M samples), do the FFTs for each antenna and then
perform an invesse FFT (IFFT) In order 1o reduce
windowing losses, the FFTs are usually everlapped
by an Teast fifty percent. I the FFTs are overlapped
by a facter O, (1e., O, = | means no overlap,
0, =2 means $0% overlap) then there are O(K + 1)
{2+ Slog, WF, opesations per second w do the
FFTs and IFFT, Also, there are (80K - 20 F,
operations per second 10 apply the weights. Thus, the
tntal number of operations per second is

173HEQPME, + O F 8K Q = 2+ (K + 132 + Slog, M)].

Thege are now Do Gases o be considered.
in a highly dynamic environment the covariance
matrix vpdate rate will dominate the compurations
count However, in a less dynamic environment
the computation of the FFTs and application of
the weights will dominate. Typically, if the weight
updaie rate is less than 1 kHz the weight application
will dominate the computations coount, so that for
space-tme processing the number of operations per
second is approximately (8K P = 21, and for order
space-{requency processing the number of operations
per second!! is approximately O, F,[8KQ -2+ (K + 1)
(2 + 5log, M)). In the resolts o follow we assume
that the update rate is slower than | kHz and that a
30% overlzp (3, = 2} iz used,

In order 1o now compare performance Versus
processing reguirements, we consider the scenario
where the seven-element circnlar array is operating
over a bandwidih £ of 20 MHz and illomimated by
zero, one, twd and three broadband (bandwidth greater
than or egqual to 20 MHz) interferers plus multiple
narowband (Le., bandwidth — ) interferers. Each
interferer has an imlerference-to-noise ratio of 70 dB8,
and there are four multipath scatterers present with

U'%e can also consider memory requirements. A spece-time

processor with K anbennas and © s reg esch @ 1)

chain i collect 4 £ P samples to estimate the covariance s,

st that tse & anienna sysiem has a memory requirsment of 4

K*P complex. An order | space-Frequency processor requires

each amtenna procsasing chain o colled d KM samples (e, 4 K
per frequsncy bin) so had the 1néz] memary requirement is

4 KM, Thus, the space-frequency processor requires M (P more

worage than the space-time processar. Thus, memory reguirements

favar apace-lime over spece-frequency processing. Ulomately, tis

s reqquirement will limit adaptaibon rades for space-frequency

proceising by the same M /P ratio relabive i space-time processing.
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Fig. 11. Comparises of 16 bin space-freqaency processmp with
i-tap space-time processing. Teo widsband imlerlerers.

a strength of —30 dB and an average range of 15 m.
The narrowband interferers are randomly located m
azimath at elevations close to the horzon, and are zlso
randomly placed within each frequency bin.

Im Figs. 10 and 11 we show the residual
interference after adapation for the case of sixteen
bin, suboptimum, space-frequency processing using
a Blackman-Harris window. The cancellation ratic
for all cases is 120 dB. The results shown are the
averages over tuee realizations of the random
placements of the narrowband interferers within the
frequency bins. Also shown is space-time processing
{STAP) using tour wme aps. For each curve, we
show the relative processing complexity nommalized
o the processing complexity for 4-tap space-time
processing. From Figs. 10 and 11 it 15 evident
that four tap space-time processing outperfonms
both order | and order 2 suboptimum, 16 bin,
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TABLE QT
Mumier of Interferers Capceled Witiout Inmeasing Meite Floor by More Than 3 4B

Ralutive
Processing Progessing
Type Comeplexlny Mumiber of [Interferers Cancelled
HFIM-\Fr-rFm}' 257 ¥ widwhand 1 '!;'jdu'u]u.d - T widehand 3 widehpnd
16 bin, ooder 2 T3 narrovwkand 14 axtowhand 6 parmowhband 1 samrowhband
4 Tap 1 0 widebhand 1 wadeband 2 wideband 3 widebansd
Space-Time 24 narrowband 17 amrresband 12 sisrrowbend £ pumowband

space-frequency processing and requires less than
one-half the computations. For example, in Table 11
we compare d-tap STAP with 16 bin, order 2,
space-frequency processing, using the performance
measure that there 15 less than a 3 4B increass in the
interference-plus-noize 1w noise ratio after adapration.
Clearly. space-time 15 the winner when only sixtesn
frequency bins are used in the space-frequency
Processos

The conclusion does pod change if a larger FFT
is used. A 64 bin, order | space-frequency processor
requires 279 times the number of compatations as a
four-tap space-time processer, s0 let s compares these
two approaches, First, consider the scenario whers the
seven-element array i illominated by three, randomly
located, wideband interferers plos a varying number
of narrowband interferers. As before, the cancellation
ratio 15 120 £B. The interference-plus-noise to noise
ratio afier adaptarion for both processors is shown
in Fig. 12, and indicates that the four-tap space-time
processor pecforms a3 well as the first order 84 bm
space-frequancy processor with a Blackman-Harris
window,

It is impostant i© recognize, however, that the
aforementicned conclusions apply to the case when
the weight update rate is less than | kFlz. When the
update rate iz much faster than I kHz the first-order
space-frequency processor with 128 or more bins'?
is often superior to the space-time processor (e.g.,

a 128 poant FFT processor gives eguzal performance
uzing fewer operations per second than the space-time
processof when ithe update rate exceeds 100 KHz).

It is inferesting 1o physically interpret some of the
results in Figs, 10-12. Consider the F tap space-time
processor. In view of our discussion in Section V' that
space-time and full-order space-frequency processing

120 drawback with large-sizs FFTS is thet the baadwbdth of
each hin becomes very small (each bin hes 2 bandwidth
of BfM wtere B is the operating bandwidth and = & the FFT
size). Thess, in order o estimais the £ = K covanancs mamis ons
requires 4 independent samples, wiich reguires a tme interval
of ad KM/Fs For K =7, M = 235, 8 =20 MHz this requires a
time inserval of 0,358 ms. Typieally, in & dyramic enviromment the
weights will nesd s be vpdated once per millisecond, se & = 256
i probebly an wpper limic

16

[ Y
T

i
a 5 i0 1% m b
ki of Marsowhand Hmmen

Fig. 12. Compariaon of 64 bin spece-frequescy processing with
d-mp space-time procesimy. Thees widekand nterferers.

are equivilent, we can view this space-time processor
a5 & full order, £ bin, space-frequency processor I
the processor has K antennas and & bins, there ars
EP -1 degrees of freedom available, The desired
(GP5 signal is broadband, spreading across all P
frequency binz. Thus, in each bin one spatial degres
of freedom is reguired to protect the signal. Each
broadband interferer also requires one spatial degres
of freadom in each bin in crder to place a nuoll on that
interferer. Thiz leaves a ool of

%:KF-I—F—NF
=(K N =1)F -1 (39)

degrees of freedom to cancel narrowhand imterferers,
where W is the number of broadband interferers, For
E = T antennas, P = 4 bins, and N = | broadband
mterferar we see from (39) that, in theory, the
processor can cancel up w A = {7 =2d—1 =19
narrowhand iverferers. From Fig, 10 we sce tha
because of frequency overigp and because multipath
is also present, one can't quite cancel ninetesn
narrowhand interferers down to the poise tloor, but it
iz possible to cancel sixtezn or seventeen narmowband
inserferers down o near the noise floor. Likewise,
far N = 2 broadband interferers, (3% predicts that 15
narrowband interferers can also be canceled, whereas
the simutation i Fig. 11 indicates that eleven or
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rwelve are sctually cancaled down 10 pear the noise
floor,

The low-ordar () = 1,2) suboptimum space-
frequency processor doesn’t perform as well as hoped
because of leakage from bin to bin, even when a
Blackman-Harns window (which has exiremely low
sidelobes) i3 used. The problem is that, although the
window reduces the sidelobes, it spreads the mainlobe
frequency response over multiple bins. Conssquently,
a narrowband imterferer in frequency bin m has strong
leakage into bins m+ 1, m £ 2 5o that spatial oulls are
required in all five bins to null the sngle narrowkband
interferer. Thus, the avalable degrees of freedom
are rapidly consumed, Uther windows, such as the
Hamming window, fare no better. Although, not
presented here, we aleo studied the vse of polyphase
filters to alleviate this leakage problem, but had
limited success,

VI SUMBAARY

We have demonatrated that by using a space-time
processor the interference from mulupls, strong
interferers plus their maldpath can be canceled down
close to the nodse floor without producing serous loss
or distortion of a GPS signal. We also found thar the
processor demonsirates a remarkable capabiliey for
self-equalization. An approximate relatonship for
the nomber of broadband (&) and narvowband (3]
interferers that can be canceled is

Ny« NP (kK - 1P -1 {40)

where P is the number of time taps vsed behind each
antenna in Fig, | and K is the nomber of antennas.
The result above assumes that the wideband interferers
ocoupy the entine operating band £ and that the
narrowband interferers are randomly ocated across

B, The number of ime taps must satisfy

(P—1)T =1 (41}

max

where T is the time-tap spacing, which mast be
less than 1/8 and 7, is the maximom differential
time delay betwesn the direct interferer ray and the
multipath.

Previously, we speculated that suboptinmm
space-frequency adaptive processing would work
nearly as well as space-time processing, bot wounld
require fewer computations. We have found that this
speculation is untrue unless the weishts need to be
updated very rapidly. For moderate update rates the
space-tme processor outperformed the subopiimum
space-frequency processor of equal computational
complexity. However, we also smdied the case when
the weights needed o be updated very rapidly (eg.,
once per 100 5] 50 that the weight vpdate begins
to dominate the computstions count In this case the
space-time and space-frequency (with FFT size = 64)
processars both gave roughly equal performance

>l

for equal computations count, Thus, space-time is

not always a clear winner, and i the update rate is
sufficiently rapid (e.g,, roughly 10 kHz or faster) the
firsi-order space-frequency processor with 128 or 2536
bing cutperforms the space-time processor.

Although all results presentad here employed
ideal covariance matrices, we also performed some
simulatons using estimated covariance metrices
(using four Gmes the nomber of degress of freedom
samples of the vollages for the estimate} and cbtained

eszentially the same results.

APPEMDIX A, INTERFEREMCE COVARIAMCE MATRIX

In this Appendiz we calculate the inerference
covariance matrix. Consider &n armay of K anlennas
mounted on an ashitrary platform and suppose the
position of antenna k 15 (1. %7, ). and that multipath
is repressated by L point scattersrs with scatierer
p having a bistatic scattering funcion given by
800,050, 4, where (,¢,) 15 the angular direction
of the incident radiation and (8.4, ) 15 the angular
direction of the scattered radiaton, This array is
lluminated by & far-field interferers such that
interferer n produces a voltage j{nexp(i2v ) on the
referesnce element of the antenng array in the absence
of multipath, where f, 15 the carmier frequency. Then,
if both the divect and mulupath voliages are included
{end polarization effects are temporacily ignored) the
voliege produced by the & mmterferars ofn antenna
clement k, after downconversion (by muliplying by
expl—i2e f1) is"

N
W)= 3 J— vy hexp(—i2mfymy )

]

ML
+ l: Z '!HFSP{HL ¥ 'I'L L'ﬁ" ' '*nl:l.fn{t - ;n.'.- - TPI }

n=| pe|

w exp[—i2u fiy Ty, + T )] + gt (42

where 1, is the direct-path delay at antenna k from
interferer n, 7, i5 the delay from interferer n to
scatterer p, T, is the delay from scatierer p to antenna
k, by, is a term that conlains the range from scatlersr
o antenna k and wu(r) is the receiver noise on

3The bistatie padar cross ssction is r&'llf"
1 The resalt in (42} ipnores moetual coaping betwesn aiennas This
cin be appraximabely included by wnlng

W = e 3 ppyle = B
i

whese g, is a complex coupling cosfficient and £,; & the
progagation delay from anreena i o aneces § We have inchoded
il coapling is our covariance magrix, bur our caloalarons
indicate that it has a negligikle effect on the resulie enl=ss || =
—1% dB, which represenis & highly coopled ante=na aray. For a
detatled mweatment of the effect of nutzal coupling on adaptive
Erraya the resder can consalt [21].
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amtenna k. In the frequency domain we can write (42)
s

N
Kif) =3 S (G (F)+ L) (43)

e |
where I, J, and [J}, are the Fourier transforms of ¥,,
Joo And wy, respectively, and

G lf) = expliZ=(f — Syl

L
+ 37 by Sy expliZe(f — fi)lF,, + Tl
#=1 (a4}

Because the channels in the antenna array are nol
perfectly equalised, we muost aceonnt for the different
frequency rssponse of each channel across the band
of operation. We include this effect by defining A0}
a5 the frequency response of receiver k, so that the
interference voltage at the output of receiver & is

W r) = H (i (F ). (45)

Then, the time domain interference on time tap g of
antenna k (see Fig. 1) is

N o
lt=at)= 3 [ df I NG
] <

= expli2e i — qT)) + dydr — gl)
i48)

where u,(r = g7’} is the noise on time tap g of
antenna k.

Let uws now derive the interference covariance
muatrix for the case when the interference consists of
N, monochromatie (Le., very narrowband) interferers
and N, statistically independent, stationary, broedband
noise fnterferers, For a monochromatic neise interferer
radiating a frequency f, we have

L) = A8 = fo)

and for the independent, wideband noise interferers
we have

47)

UMY = B8 80 = 1) (48)

where P(f) is the power spectrum for imerferer s,
and 4, is the Kronecker delia. Thus, by using (47)
and (48) we can show that the peneral term in the
COVATIANCE Malny 1%

Ry fp= ) = (w e = pThviir— gT
My
S ATALATA S i)
]
¥ expfids Lig — piT]

M e
o3 [ arn GG

mal

< explide flg — pIT) + &Ry (o - a)T)  (49)

where F_ = |/ |* and
Ryl(p —a)T) = {iiglr = pT)iag(r — gT))

(50)

is the noise ¢ '
The response H,{f) of channel k can be wrifen &s

H )= [1 % el filexplig, (F1 (31)

The phaze fluctuation &, from channel-to-chanmnel
(the rmean group detay has been removed from (51)
is usually small in comparison with nity, so thal the
exponential can be expanded in a Taylor series giving

Hif1=1+aif)+ {32)
whers @, = oy + 5. Typically, o, (F) can be
represented as

where the first 1erm on the right-hand side of (53} is
the differental variation thay is linear in frequency
and the second term represents a ripple across the
passbend that also varies from channel-to-channel. In
penzral, the cosfficients by, and <, may be complex,
but ~, and &, are real, IT {53} is used in (49) the
integration over frequancy is readily performed. but
the results are omitted here.

The cancellation ratio is a measure of the
mismokch from antenna to antznna. For 2 white-noise
jammer illuminating antennas & and £ the cancellation
ratios in decibels is defined as =100og, (O R) where

CH = |:|I'-'! I:ﬂ - r"!{l:'li}
rB '
If (537 is used in (46} and the resulung expression
substituted into (54) we find

CR=CR +CF {55)

where CR' is the contribution to the cancellation ratio
by the lincar fluctuations from channel o channel,
and CR" is the contribution due to the differential
ripples across the passhand. If the real and imaginary
paris of the coefficient by, are random and sniformly
distributed between b, we find that

B
CR"I?

Allso, if #; iz random and uniformly distributed
between 0 and 27 and the real and imaginary pars
of the coefficient ¢, and each random and uniformly
distributed berween S we find

CR™ =}l .. (57}
Typically, it is very easy to equalize the variations that
are linear in frequeney, but it is much more difficult to
equalize multiple ripples across the passband. Thus,
the valoe of CR™ is much more important than the
valoe of OR,

(34}

b2 (56}
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Tarcsehement TIOCERenT,

It should be noted that the Doopler effects due o
eithar moving interferars or 2 mowving platiform are no
included in this analysis, We have shown thar Doppler
effeers can be ignored if

P = 1T =1 [3E]
where §, i= the Doppler shift {differential speed
divided by wavelength) and P is the 113l numbser
of taps in each delay line. For all of the cases
comeidered in this analysts the conditon m (38} 15
casily satisfied,

AFPEMDIX B, NLUMBER OF TIME TAFS REQUIRED

[n order to better understand the condition
expressed by (35) suppose we have the two antenne
configuraiion shown in Fig, 13, and 1his configuration
is ilinminsted by an intecferer at an angle 8, so that
the delay between the two antennas is 7 = ds5mé /¢,
We now desire to examine how well the tapped delay
line can track the delay across the frequency band.

If the interfersr voltage hes a Fourier transform J(f)
then the cutput L) in Fig. 15 is

Oy = Jif)lexplids fr) = Hif}] (5%)

F-1
Hif1= l.:""i' eaplidrg ST {50

q=0

If we use Parzeval’s Theorem, we can express the
IMLEan OUEFeT POWer a8

ﬁ1=f di () expliZefr) - RO (61)

whers Fy(f) is the interferer power-spectral-dengity. If
wi assufne the wterferer radiates white nolse, so that
F(f)=F for |f| = B/2 and P, =0, otherwise, we caén

a62

write (6]1) as

2 #-1
== 1= (w4 wsineB(r — gT)

8 -

P—lP=l

+ ZZ w b Sinc T B (g — rT.

g=0 r=(}

(62}

If we minimize ¢¢ with respect o w, we find that the
normalized residnal power after adaptation is

regidue = 1 = RTT =1} (63)

where & is F' = | vector with components
hy = sinewB{r = {g - LT} ()

and T iz & P = ' marrix with componants
Uy = sinexBT (g —r). (65)

A plot of the residue power versos the nommalized
delay Br that muost be matched 15 shown in Fig. 14,
for the case when the normalized 1ap spacing BT =
(1.8, For the tapped delay line with five taps, the todel
normalized delay encompassed is (P — 1JBT = 3.2
Mote that as long as Br < 3.2 the normalized interferer
residue iz small, but for Br > 3.2 1t rises rapidly.
When nine taps are used the totsl delsy encompassed
i5 {F— 1IBT =64, and as long as £+ < 6.4 the
interferer resides 5 small, but for Br = 6.4 the residoe
rizes rapidly, becansze the delay line is not long enough
to match the delay.

AFPENDIX . PNCLUSIOMN OF POLARLZATICNN

The effects of polarization are readily included in
our analvais, In order i do so, let ug define a 2 x 1
veckar Joas

B = U} far (0] (66)
where f . and j, are, respectively, the voltages
emitted by interferer m on horizontal and vertical
polarization. Also defing the 2 = 1-vector o, as

of =(oglk) aplk) (67)

witere o (k] ok are the veltages gainz of antenna
k on horizomial and vertical polarization, respectively,
Finally, define the 2 = 2 scatiering matrix

5= [SHH':F'] Egvlp)
Spnlp) Syplp)

WHEr® Sy, Sy Spgy. Sy dre the scattering amplitudes
of multipath scatterer p. Then, 1 place of (42) we
can write the general expression for the interference

(G8)
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Fig. !4, Normalized ressdue power for 5T =00,

voltage received on antenna k as

.
7ty =3 ol = 7y ) expl—i2m fm)

A=l

L
+ 3N bl S =T, —Ta)

nz=j p=|

w2 T + T + a1, {54
All of the remainder of the enalvss then procesds
exactly as in Appendix A,

It i impertant that polarzation be included 1n the
angalysis, becagse interferers may madiate independent
voltages on ezch of two enhogonal polarizations,

In this caze, depending on the differences in the
crosspolarizedon response from antenna o antenna,
it may ke up 0 twice the number of degress of
freedom to cancel the interferers than it does for
interferers thar do not use independent signals.
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