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Theory and Analytical Performance Evaluation of
Generalized Correlation Beamformers

Avimon I Hawg and Gacry ML Jacyma

Absiracr—Traditbonally, passive detection amd lecalizmtion
of an aeousts sroree hos been hased on explidting the relative
differenees in temporally wveraged poser auipads of condigoons
beams of an clement-weighted beasnformen An alternate qr
preach, the gonerabized correlation beasmdormer (GERE),
progensed where & welghted Toeplite-averaged Hpallﬂ:r:m—.qﬂ}
correlation functien bs wsed @y estimate the beamiormer sotpat
power. AN elemeni-weight sequences can e iransformed Intn
correlation-weight seqoeaces through 8 cosvolutien operation.
Additional weight sequences which cannod ke penerated from
@ comvidution of renl slement-weight sequences are sviilable
for wie b the GUBEE, Recenily, o specind case of the GCRF was
pripased] by Wilson ef ol in which the correlation-welghts are sei
B unily, o correlntion-wiight sequence which capmot e abiained
from any classical elemeni-weight sequence. Althsugh soch &
“hexdar” correlution-weight sequente pridaces n sharper main
peak power respomse (improved reselution), it has the undesics
able effect of producing shnormally high (positive und negarive
piwert sidelobes, General seolyticel performandce heunds are
developid that pecuraiely reflect the GOBF detection and bearing,
Inatizstiom performamce For @ noise model that includes spatinlly
white wiise aml spalially discrete interferers (cluiter), Analysis
resulis indicute that the GUBF with Barileit correlion-weights
wfper formeed the GOBF with unily correlution-weiphis for bolh
detecibon and bearing estimation excepl when the clulter hepring
i glose to the signal bearing,

Friddex Ternvi—Reamtorming, correlation weighling. generulipel
correlation beamformer, spatial sveraging bennlormer, Toeplice.
svoraged correlation fumction,

[ IMTRODUCTION

5 ONE STEP i efions to mmprove the performance of

st sy Eiems, proposed nees detcction and lecalization al-
goritfims wdergo g nzoroos mmalysis process 1o assess potentol
performance mprovements, This analysis can inciwde the de-
velopmend of analytical performarce boarnds for eacls proposail
mew algerithm, along with o compmmaon of the performance
of the new algorithm with the perlormance of curentdy am-
plemented algorithies. The noalis prosceted in this pager grew
oiil of such an analysis and represenl perfomance asessments
based on a set of rigorously derived detection and bearing esti-
mation performance meines,

For 4 linear array of M hydrophenes, choosng the peak
averaged porer froan 2 bank of vaweighed frequency domain
phase-delpv-and-sum beamformers provides optumal passive
detection aed extimation when a single signal i4 present and the
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noise is specozlly and spaially whiee | 1], Element weighting
15 introduced to reduce e sidelobs response resulting rom
@ fmie spotinl aperture ut the cost of decreased resalulion
Averaging over successive fas Fowmier iransformed (FFT)
ctput samaples (snapsholsh provides ouipal power estimales for
the beamformer. Avtomadie detection and bearing astimation
can then be socomplished by thresholding the power estimimes
from each beam and choosing anly local maxima.

An alternate approach to detection and bearing estimiation
takes the form of a gemeralizedl cornelation heamiformer (GCRE),
where the power i each beam 15 estmoted from the imverse
Founer transform of & weighted single snopshol estimate of
ihe spanial comelustion tunction for all possible pairings of hy-
drophone elements [2]. The Toeplinz-averaged correlation fanc-
tion provides such an estimabe over all possible spaiial Iags [3].
An element-weighted phase-delay-and- cum besonformer can be
transliormed inwe o GOBF, with the cormelarion-weight seguence
peneraled from the element-weight sequence thiough i cormela-
teon operation, For example, onily element-weights of Bartletl
can be wansformed nio a set of tnengular comelation-weizhis
[4). & second class of comelation-weight sequences @ives rise
1 GUBF responsces that cannot be gencrated from any element-
weight seguence. Thid, owo clisses ol cormelation-weight se-
quences can be wsed with the GUBE: those thal can be gencraed
from real elemem-weight sequences through a comvolulon op-
eration andd these that cannot, For peifosmansce eomgpartzon pur-
poses, the simplest examples of each cliss of correlation-weight
seuences will be used: Bartlett tnangular correlation-weighis
and Wilson aniry correlation-weighis [3). This special case of
thee GUBF weas proposed by Wilson et al, [3], [51, [6] and is re-
fermed 1o as the “inveras beamformes™ (IBF). Perfonmance met-
Ties for the GCBF are developed hroughowt this paper using
an arbiirary correlaion-weight seqeence, followed by a spe-
cific companzon of the performance for the Bartletl amy sle-
ment-welghtl seguerce (riangular correlnion-weight seguence b
with the perlommonce using the Wilson weliy correlofion-weight
ACqUENCE,

It iz well knowe thy 2 zingle soapshol element-waighied
phise-delay-and-sum heamformer is the spatial equivalent of
the discreie windowed shent-time Fourier transform. It will be
shoen below that the GUEF is the spunal equivalent of the
diserete smoathed  pacido-Wigner disiriburion, With Wilson
ity correlation-weights, the GUBF reduces to the spatinlly
discrete version of § Wigner—Ville distribulion with the time
imdex el 1o zen,

In [2], performance metrics for the GUBF were develupsed
assnning the presence of a single spatially discretz sagnal with
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clement-io-elemen] indspendent noise. It was further assumed
that the probability density Tuncticn (pdf] of the GUBE ouput
was Craussian, i il paper, we extend the performance snalvsis
of the GCBF w0 include imterferers {cluner) in the nodse model
and to evaluae GCBF performance under a more realistic sulpu
pdi. With the=e adduionz, a setof analytical merricz for evalu-
ating the detection and bearing estmation performance of the
GCBE are developed and wsed to compare the performance of
the GCBF wsing Wilson coeme lstion-weights 1o it performance
using the convemional Banlein comelaton-weights, In all cases,
MATLAD progrums were used o calculnie the performance for
a finear array of A4 elemends with spacing optmized Do ihe fre-
quency of interest.

Smee analviical beamformer performance 13 depepdent on
the signal and nowse meodels chosen, Section I defimes realistc
zignal, noize, and interference models, This 15 Tollowed in
Section I1T by the develapment of the standard form of he
GUBF aleomthm from the phase-delay-and-sam beamtormers
algorithm. A more matheratically compact forma of the
GUBFE, the guadeatic form. s then evolved, followed by the
derivation of a genvral expression for the pdf of the GCBF
output. Analylical detection performance metnics are then
advanced in Section TV, heginning with analyncal expressions
fiok thie deflestion o of the GCBF oarpe. The GCRF antpu
deflection matie for Wilson and Bartben correlsiion-weight
sequences are computed and compared. Deteclion petlior-
marce urder the moge peneral assumgption of ans-Gassian
Bearmformeer cuipul staizstics for the two weight sequences ane
compared through nemerical compotaion of receiver oper-
ating characteristic (ROC) curves based on tbe GEOBE owtput
pedfs. I Secnon % bower bounds on bearng estimaion prross
are assessed wrng two different techmiques. First, gemeral
expressions for the local s lower bound oo the estimatacd
tearing are developed foc the GOBF assuning tha the bezm
contaieing the signal 15 chosan in the dewection process, These
expressions are then wsed i compare (e performance Tor the
twir weight sequences. Por a more global estimate of bearing
grror, the probability of choosing an incomect bearmn affects
the bearing estimation performance, For this case, cxpressions
for ahe FTov-Fakai lower bound wre developed and wsed e
compare the bearpg estimation performance of the two weight
sequences. Finally, in Section VL the performance resuls are
summanyod and signifkean conchizions are presentad.

1. Swomai. Mose, asn INTERFERER MODELs

Assume that the acoustic field & spatially sampled by a
disorete Tmear array of A clements with inter-rlement spacing
. AL Treguency g, consider an acoustic feld wilh three com-
ponenis: o plape=warve siznnl of interest armving from beasing
iz relative o array troadside. molliple plane-wave inderference
stgnals from dislant spatially discrate pcmstic seurces with the
hib interference signol amiving from beanng ¥ relatmve fo army
hegadsiche, and disiributed noise. We define the sormalized
wivenumber & as

k=2xdlk, i1

whers Ay = o fy and the spesd of sownd o water 15 ¢ W define
LaE

= siu )]

with —a /2 < # = 7,2,
The comples culpul 8t frequency fn after a Fourier transform
cyperation om the mth hvdrophone dista can be written a5

T a1 T L I'j]

where the conmribution (rom the signal of interest is given by

Hy = prgrit s id)
apd the contribotion from discrele imererers is given by
L .
ty, = E l‘.rgt'?h"”'. i3

et}

Assume that v, og and o are comples gero- mesn Geussian
ramlom warizbles thet are indepemlznl of each other for all m
and I, Alsoe assume thad the magnitode of any signal from a
spatially dizorele searce (signal or mterfzrer} 15 constend across
ihe array foc sy piven chservational interval, The moize coaniris
banticon term iy 15 defined as spatally wshie poase thag g ele-
menl-to-glament idependen, so thie

I::'!"ﬂl l‘:_r.":l = 'I:.h':ul?:l 'ﬁmm-' = #-fq:'ﬁnlllu" {ﬁ.:l

where { ) represents the expected valoe ond 5., B the K-
pecker delia fanction defined hy

L.
lf'lu-n-." = { il

Forming the paireise comelation-products o, 27 0 that ane 2l-
ements of the dala correlaton-product matrix &, we con write

e =

e o 7

PRI L —F
=ﬁ$|.l;*JI|HI—?III|'H_¢
L
g Z prf el gy by
=1
L

+ E I:Irﬁ;-f‘jkl:m*l —a' gl
tom]

L L
1 —mii’ e

Fml =]
L

JEmg —aker
+ Z qu_,l SHET "::“J +uhn+5t_ L
I=1

[
+ i Z |1:i‘_"llm ug -+ ?'m":"r-

(LX)
=1
W define the spanal lag pas
p=m— (9}
Mot that, siree e asd e’ take om values {0, 1, ---, M~ 1},

p hins the temge §= (A — L1, -« =1 0, 1, -« - AF = 1}, Thus,

L
" -
folpl) = ageTes +}__- aief P 4 ol Bip)
dua ]

(b
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where, since g and oy are comples zero-man Gaussian pro-
cesses, the signal and interferer average powers are given by
ok = {Jas|) amd 5} = (Je*},

The zero-mean comgles random amplindes for the signal,
clureer, and noize from (46 can e writen in compliss no-
wtion 15 ey = of + jak, o = of + jof, and o = o) +
du]. respectively, with {okzak) = 0, {ofnd) = 0¥, ). and
forod b = (%, m’ ). Mote that both the real and imaginary
componeats ol cach smplilsde ae zere-mean since the complex
amphiudes nre zero-mean. Also,

(1
(12}

{o%ak) = (akok) = {o%/2)
{ef ok = (ajal) = (o (26w,
amd
{0} = (Vo v} = {05t/ 2Hmane. (131
1. GENERALIZED CORRELATION BEAMFORMER
A Srandard Formr of the Generelized Corralation Beamiormer
The power awlpat b, from a convesstianal frequency -domain
beamformer steered in the direciion & 15 given by [1], [7]
A= -1

belin] = z E: .'El'mﬂ':w't-"m--t::"-:li""l"["'_”““"‘ﬁ

B AT |

{14]

where ge, 15 3 woight [clemen-weight) applicd w the output of
the b element and 4, = sin #;. Converting 14 10 guadratic
Fowma mesaslis in

boltg) = w" Rw (15

where the complex elements of af are given by

W = (160

and the complex elements of the corelation matrx / are given
hi_.

Bt = {plm = m' [} = (TeT, ). (17)
Thi beambormer owpui power can be estumated in one of fan
ways. Firsl, f{ug) can be computed using (14}, replacing
{2,200 by its single snapshol ecuivalent .25, (elements
of the daa correlation-product msicis 7L and averagng the
beomicrmer oulpul over successive snapshods. Here, a snapshot
i defined as a single FET oupat for all ekemens. Adiernately,
the slements of B can be estmuted by soeraging B oover
successtve snapshols and vsing the elemeats of the avergped
in place of the alements of K& i (14).
Usimg thee defmagzon of @ fromm (9%, (1) can be rewrinen &

_1 AM—i+p
B 3ig ) = z E Hmﬂ:ﬂ—lp{.rﬂ!.r;—r}ﬂ_fh“n

pm—i A -1} m=ib

A1
+ E |H'=u|!|:4'm1 |-r|:|

=¥

Af-1 M-1—p
+ E E Hﬁlﬂ:n-irl:'“'"ml-»ﬂn:'twm- {1

sl vii e [k

IEEE KA L G OCEANIC ENGINEBRING, 0L T3, ki, & JLY MED

From {100, it can be noted that all @lements of the prh diagonal
of B will have the same signal componcil, independent of the
value of rp or v’ Therefore, an diemaic estimate of {30 4 o)
can ke obimined fram a single snegshol of the data record by
computing e sparia) avespge along vach diagenal of the dat
correlation matris 704, cq. 5.9, Defining the Toeplitz-averwzed
correlation function C'(p} a5 aa estimate of (ko). b Clpl
can be calculated feom [2], [3, og. 9] as

A= 1—Ip|
. ] .
Ll vy v Y. mbe DS M-I
oo e

Hence. am altermate estimae of the average beamformer power
culpul can be obdmined lrom { 15} by substtation of te Toeplce-
averaged cormelntion funetion a fag pfor each diagonal clemen
of £ at lag g, resuliing in

Ad—1

3 hdp)CipletFe

p=={M=1]

Bolag) = {30

where the correlation weight sequence b {p) has been obtained
from ke conventional beamformser elemeant-weight sequence
Hom usINg @ comunlulion operation as follows:

H—l—p
5 mfasy DEZpE M -1
=l

(M -1=pei

keip) = (21

el —ph

When a uniloem elemenr-weight sequance is used, gy, = L
amd €217 redisces 1o the Barlest correlatien-weight seguence:
hgipd = 1 — {|p|/M]. Equabien (201 can ke generalized to
include sorrelation-weight sequences thal cannol be penerated
from ihe clement-weight sequence iransfonmation given by
(213 Ume such comelation-weight sequence 12 the Wilson
weight sequence, dypipl = 1 [3]. This, (200 can be rewritien
o5 the generalized correlation heamfermer (GCBF)

blup} = Ji:] il gy et (22)
p=—(M—1]
wilh
fa ) Copventional weigh sequence
flpl = ¢ fepdp]l  Banlen weight sequence (23

1 Wilson weight soguence.

Mote that, for all cases, B{pl is symmetnc aboul ¢ = 1, and.
sice f|pl s o comelition sequence, i0is noomalized sk that
B = L.

The GCBE can be dentified as a spatal version of the discrete
seodibne] peewdo-Wigner distribatson [1), [8, eq. G0)

=1

2

p=— 301}
with the limie index = ser o 0, the frequency index w replaced
by Lovig. and the correlation prodact Fip, 0} repliced by the es-
limate Cp).

Win, w) = W] e, P (24)
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# Qundfranic Form af te Gereraltzed Correlunon
Beanforuer

For narrow-hand signal and noise processes, &, % e com-
plex outpet of the data Fourier transform from the wath sefson
for an implied frequency . Thus, we can write o, = o+ i,
a0 (i

=%, ‘i Ir|l+r| + I:'u" Haq-,i-]' +j||:ﬁ~|+j'r + T ;p}
(250

:.,1.1: iy =

Since () is complex, Clp) = Colp) 4 50 (0} From {19),
wEng (25), for ) = p = M — 5. we can wrile

M -1—p A —1—p
Cr ‘i _ ‘l 2 -;m- m+lp u ].:l gu flq rn.pp-
126}

ard

M-1-p 1 H—-l-p
E,[]’.'}-—- Y -m-l- '1'r|-| - E “::'E"T:u-l- '
M " ra=[ g M~ E m=il !
(7]

Mo, (220 can be expanded a2 Tollows:

-1
bug) = RIOWI0) + 3 Bl eusi kpuy)
p=—[AT41)
pr—1
w Y WGl kmeg). 128)
F=—{AT®=1)
We define the real-vealued dala vector o he
T (g o], oy Sy g Bl o Th b (20

Usimg {263 (27) and (29} {28F can be writien in the guadraic

firmm

b} = =t D{f iz (30
with
. I [ fn] ﬂ“z[ﬂulj
= . a3
) (—ﬂh[h] Dyt {
Here, 12 (8] is given by the symmetric Tocplite mairix
()
d1a{fn} di(fa) dyypr—1(80)
dyaitin) dyzifn) dyyar—oifn)
dygar—1i(fu)  dygar—zy{o) ely B}
(30

with elements

diptf) = H gy b eosthpua] (33)

aml Do{fig) i= ghven by (he skew symmetne Toeplitz maris
Dty =

0 diay [l | iy a1yl B
—dbyy (B} 0 alogag.oy B}
—dggar_ny (8] —dhypeom(®) o !
(3]
wilh elements
g (gl = () sl Fpmg ). 135}

I |

Mote that Dy{éy ] is shew symmerric becinse aindkpag ) i an
odd function of ¢ Note also that the cigenvalues of I are no
nezessanily all positive, since K1 containg the cormelatkon-weight
coefiicicnts, und that the spm of the cigenvalues can be negmive
Erving rise o negative heamtormer culpul respoises.

The nommalized responses of the GCBE with Barilett and
Wilzom comrelation-weight seguences for two differeni signal di-
rections are shown in Figs, | oond 2 08 = O and 80 degrees,
respectiviely. ) For both figores. the beam steering direction is
fized but the signal is sweps in bearine, Thus, the bearing axis
represenls the response ta wsigmal at that bearing, Two obvioas
oorslosions cun be drawn from the two plofs: Wilson woighis
show n more cscillatory response than Bartlen weights do with
negative responies for many bearngs, and Wilson weishis have
@ marrower main lobe response than Bartlarl weights. The Tivs
conclusion implies increased sidelobe leakage at many bearings
for the Wilson weighis snd, thus, apoterzal or a decreaze in de-
pection capmhility shon clatar is presend m the suiehobes. The
secomd conclusion implies that the GUBF with Wilson cormela-
tion-weights has bener resolution mthe ook direcnion and the
ability w resalve closely spaced torpels. This appears w b the
primary advamage o usang Wilion correluion-weigig nsher
thean e more comventsonal Baribkei correlation-weighis, as has
been pinded oub previously [2], [3]. (5], 6], [2]-[11]).

For the pise-Iree case when two signals (or a signal amd an
interferer| arc present ol different bearings, the inslastanecus
cuipat of a continuwm of bearns whose maximum response axes
(hsok direction) spans =572 < dy < /8 will exhibit cross
terms al lock directions belween the signnl bearings. Fig 3
presents the GUBFE response for boih Wilson and Bartert oor-
relation-weizhis for pwo delermingsiic sisnals placed ai 0 and 5
deprees. The bearing axis now carresponds 10 the beam stecring
angle or look direction, For ihe Barilelr weights, the response
from the beam containing the cross terms is suppressed by
the werght sequence, which acts as a spatial filer suppressing
the response o the two sigoals in the sidefobes. Since the
Wilzon weights are uniy, e cross lemmes generate addmicnal
respense peaks in heams centered af haarings betwesn the two
sgnal bearings. For closely spaced sagnals, these addibional
response peaks can excesd the response ol the signal bearings
[1], resuliieg un falue detections inoiber beams, Ths 15 entirely
consistent with wdentification of the GCBRF a5 o spatial version
of the discrele paeodo-Wigner disinbaiion, Such cross-lerm
cotnpenents have heen observed in the preszice of two or moge
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Fip. 2. Nonmhzd GCRF praponse for 2 kel disestion of 80 degrees. Top: Wikon welghs. Bofiom: Banleil weights.

signals when wity cormelaion-weight sequences have been
wsed [1].

C. The Probability Dengite Funenion of the GORF Ougpal

The quadratic form of the conventional beamformer in {15}
shiongs that the data comelation-product matrix W is averiged
over many snapshols o generate an estimate of the comeln-
ticn mairiv K. Since the temporal sveraging 15 on esch cor-
relation-product separately, the vanance of each element of &

will he the same, sllowing the probability disiribution of & in
(15} 1o be delemmed from the conteal limil theorem applied te
ik joani-pronabiliy dizmibution of the componenis of K. lnthe
GOHF, on the otfier hand, Cp, the Toeplie-averaged cormela-
tion fuscizon, 1s generated by the spatial averaging of correla-
pom=pronducts winh the same lag withincach spapshol. Since the
number of correlacion-prodacts summed in {19 vancs with the
lng value, the vaciance of CTp) wall be a function of @ and the
central Linit thecrem will mow apply 1o the probability discribu-
tien of & i 300 relatve 1o the joini-probability distribution of
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the components of CUpl Thes, an allernate approsch most be
dewvelopd 1o obtmn the it of b

Let ffy represent the hypothesis that signal, nose, and clurter
are all present whan ¢ = 1 and that only noise and clutier are
present when g = 0. Under 8, the compoments of the daia
vector £ can b decomposed mito thear real and imaginary pars
& Follows:

o, = ok cos{koreg) — ok ginbeng )

L I
Es z iy coel g | — z 1'|F. sln | kg ) + 1.-'; (3
[=l

Il
:!-‘f,. =-u"5 cos{hmiag |+ oy e (kv g )

L
ZJ::F st ke § + . (370

L
+ Z o} oo fomeg) +
d=1
Clearly, (2l |H ) = (=), H,) = 0 (2er0 mean).
Defimng

= (2/ok i il A1} = (2o x0T 1) (38)

NS e

(2f o) (e L) = = {205 ) al ol HL) (39)

than

[
(o = SNR -oos{bpus) + B INRy cosihpie) + A (40)
=1

and
L

£ =SNR -nin{.&-}.rug}+z TR, sin| kpey |
=1

140}

Comparizon of GEDF insanansoes msponss with: (op) Banlen and (homunsp Wilson selglis for 2 rev-signal cse,

with the sigpal-io-noise ratio (SME) defined by SNRE
(e /o) and the inerferer-to-noise ratio (INR) defined by
INRy = (o7 fod, ). Under Hy, SNR= 0

Thezn, the commelation matrix K. ender i, is

T o [ Ay Az
= Hi= -1 a2
o= (e R)
whese A s 2 syrermerns Toeplitz mains given by
& { Lar1
41 Lo Cap—z
Ay = (43
Car-1 Lw-2 i
and Az is a skew symmetric Toephtz matric given by
o £] Eai-1
—£ 1] Eag_n
Ag, = 44
—EM-1 —EMa2 |

Mote that the dopendence of K, Ay, and Ay, on 8y has been
suppressed and, under B, they are also dependent on fe. Tathe
analysis that follows, cur goal i 2 comparizon of e bounds on
perfommanse foe (e case whese the signal is ar array broadside;
thus, fg = 00— wg = Dleadsto Ay = (SNEJ11T 4 Aqg, and
Agy = Ay, with L= {1, 1. ---, 1}7.

Sinee £ iz composed of real-valusd rerg-meoan Ganssian
random variables, the pdf of £ conditioned on FT is given by

P[IIH'&} — E’llilif r.’hl'lﬂql—{:l_ﬁqé—': llu'"l:l:rTR;l:.-_ [45]
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From (300, 58y} 13 a functon of = and, thes, the characienistic
function Byg (] H, ] = fem2eM¥ely | aggociated with the pdl
ol &lwyl, is given by [14]

*h'%}i“rlﬂil'=}r"'r c—.i‘h'l':"'u!'mrl_ﬂg"h
-t

=T + ZjwDid )R, "1 {46
Move that our definition of the characieristc funcion is
Fourier rransform of the pdf vice the standard ioverse Fourier
mransform definition. We do this o coaform o tee develop-
ments in [12], [14]. Since the marnx product I, | &, is no
symmeiric, its spuctral decomaposifion s given by a singelar
value decomposition &= follows:

DYt 1By = U Ayl F V5 (47)
where . 0= o marrix of  eigenveciors e
[N R [IHE R, ¥y is & matrix of eigenvectors for
[y, (I8 ). and the mairtix of comesponding
cigenvnlues is

"'lqlal.b] 0
Ay ()
Aqlf] = )
nr Azaryith]
Then
14 2D, =1 4 2wl A8V T
=TT+ 2w (B VY. 4

Simce both LF, and ¥, are unitary. Le, |07, = [V ,| = L we
obtain

4 2wed Kl |1, | = [T 4 23w iHal
)
= | (L4 2 {fa) b
]

et

M
dopugpiwl Hel = ] (1 + Ziwdegfal 12 (510
=1

The pdf corresponding to {0} 1= determingd by integrating
Pipg, (w|Hy) acconding 1o

. . 1 o
PO = o [ @yl )N (52)

—

When a closed-form solution does net enist, (52 can be
iteerated numencally 1o obiam the pdf s, Several esumples
af RO curves Tor pumerically indegmled pdi©s are poes
sented o Section IV-C, Under comtain restrictive assumplions,
closed-torm solutions o (52} exist, It can be shown [16] that,
for the noie-only ease (oo sional or cluiter) aod e array
sieereil o broadside, the GOBE mupun of A0} wirh Marler
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correlatior-weighis is x® distributed with two degrees of
Mreedom. With Wikior comelation-weighis, the oulpat 15 a min-
ture distrdhution compsed of the weighted sum of symmetric
¥ distributions, cach with two degrees of freedom.

I%. DRTECTION PERFORMANCE OF THE GCEF

A Deflection Roven for the GORE

The deflection eatio T8, ) for an amay steered o & is
the change in b in the presence of the signal, normilized by the
standard deviation of & under noise. I is 0 mewsure of the SNE
al the outgut of the GCBF and is defined by [1]

= (Bi#a)|Ha) — hiBo )l Hy}

Pyl #e) = Ve (53
MNow
(o Hy) = {57 D tahe| H} = Tracel D{6y | /,). (34
Then, using (313 ard (47),
{b{fin )| H,) = ) Trace[ 0, (8 )4y, — Dylf)dg]. (35

In melctinos,
(6% 180 [y} = (7 D8y Jzz™ DSy iy}
=3 3 Dylt i DerlBo sy rim| o). (36)

g A kol

Since r; is composed of realevolozd seroemesn Gaussian
randiim varkabhles,

(e e o} = Roip P + Hoe Bog + Rojuflan 15T

andd {50} beoomes

{500 )| Ha) = [ Trasee{ DXty ) Ry)]* + 2Trace [[D{8 )08 .
(383
Thus, we can write
War{h{E 1| Ha)
= {7 (dp ! — {50} | Ho”
= XTrace [(D(fh o )]
= o Trace {[Dy [#) Ay — D:)Aw|* |

= o Troce { (B (0140 — Pa{tp) A’} (5%

Hence. {33) beoomes {600, shown s the bottem of the pext pape,
Recall that, for #s = @, ug = 1, Ay, = (e2fel 1" +
Ay, and A=y w0 Ay IF the array 12 aeered 1o broadside, then
D200 = 0, el the nuemecatan in (60) becomes

(il dg }| By ) — (B0 Hob = o Traee (D (07127 )
— 21T

Ar—1i

S h[:-']] . 161)

=1

=i [hm] +2

[See [17, probbem A 36] for the conples verson,
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Thizs agrees with previous analysis [2]. Note thar the
Trace[D0]Ag| = 4. Finally. the expression for the de-
Mection et with the amay sieered 10 breadside is given by

. Deflecrion Batie Comparisen: Wilsae versus Barflen
Wiy

Using (621, a MATLAR program was developed 1o colculae
the noemalized deflecnon rate wnder o ovanety of SHRE ad INR
comditions with and vwithowt clutter, The deflection s @5 nor-
mzhizd relanive 1o s masximsm value for all weight sequences
evaluated and = therefose ndependent of SMIL When clutter is
et presznt. the dellecioa ratio reduces 1o that of 4 <igaal in in-
dependent moise and the resulis obtined are identical 1o those
obiained previously [2], ie, dwe normakzed deflection ratio for a
beamicrmer with Bardlen weights outperforms the beam former
with Wilsen weighiz.

When a cluter signal = presend. the normalized deflection
ratio s 2 function of INR and the cluner bearing. Fig. 4 presents
& plot of ihe normalized deflection ratio as o fumction of clutter
bearing for an INKE of O dB. Fig. 3 is similar bt for an INE
of 5 dR. It is obvious from the figures that the GOBF with

Mommelized deflecsion mtic for Boartdess asd Wilson wélghz oz n functics, of relanve clober bzanng foran INR of 0 JB.

Barden weights oulperforms the GCBE with Wilson wekghts for
all cluer bearings except beanngs within approgimaizly 37 of
Ihe signal heormg.

O Reeebver Operatotr Claracrerismic Carves? Wilson versos
Hartlerr Weighiz

Uzing MATLAR to numerically integrate {323 and generaie
trae GUEF owger pd s, ROC curves tor any given threshold x
cam b obvwined from the prodabilicy of delaction (pd) amed the
probability of {alse alarm (pfal expressions given by

pd = [ ittty o (631

|

e
ia= [ sibito) db. i64)
This procedure all vws Tor a comparison of thedetectien perfor-
marce of he GUBF with the two different weight ses, Figs. 6
and 7 show a comparison of detection probabilities for Bactlen
and Wilsen weight sequences for different cluiter besrings for
a pla of 001 For both cases, the beamformer maximom re-
spense axnis and the signal are at hroadside and the SNE s 0
d5. In Fig. 6, the INR is 0 dB, while in Fig. 7 ihe 18R s 5 dB.
Oice again, it is obvious from these figures that the GUBE with
Bartlett weishis ouiperforms the GUBF with Wilson weiphis
for all clutter hearings except those close t the look direction,

Trace[ I (6] Ay — D8] An ]| = Trace| I [# ) Ay — Dzt ) Az

(60

Dyl iy, ths} =
o B = e D T A — D0 (]| = Tras [ [Ds (Pl A — Dalal A
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Homeaver, even near e look dineciion, the GUBF detection per-
formance with Bartieit weights 15 closs o that of the beam-
formier with Wikson weighs,

Vo BEARING ESTIMATION OF THE GUBEF

Thaz estimation of signal bearing is o wo-step process. Fiest,
the signal must be detecied, 12, for bearing camation, Iy is
always true and the signal bearing is chosen as e main Te-
gponse axis of e beam with the largest power owtparn. For high

SRR s the deteetion process will resalt inothe selection ol the
appropriate beam (the beam containing the signall. Normally,
the Cramer—Ran bourd s computed o generate o lower bound
o the tms beanpg emor However, the Cramer-Rae bound =
baged en a likelibood functioe, and the GCBF 15 suboptimal n
the presence of clutter sigrals and doss nod follow from a like-
lihood ratio formuolatior. An aliermate locel nms beanng error
bownd izdeveloped in Section V-A. Comparison of the local rms
bearing estimation errors for Wilson wnd Bartlen sl will be
presented n Section Y-Eo ALz low SME, 11 i difficult wrchoos:
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the comect heam conlaining the signal. For this case, oll beams
are equally probable and the probability of clipnsing any beom
can be modeled as a uniform disicibulion over beam space. For
ihis case, the Liv--Zekai bownd is the best global lower Bowsd on
lhe rene Bearing error | 15]. The development of this lovwer boumd
is prasenied in Section V-C. wilh a comparison of the resulis for
the vao weight sequences presemed in Section Y-

A, Lower Bovwls on tie RME Bearing Ervor for Signal
Beariaps Loval 1a the Beamformer Look Divection

We azsumie hal the signal beaning @2 s in the local vizinily
of . Examunation of (30) allows us to write bify, =ific]} =
=¥ Az il by jxifz . For each random sample of . labeled £,
the errog in an estinate of the signal bearing can be decrmiel
by fimdimgy @ valwe of fy the mosimizes & That s, fod 2 8, such
thiai

VB €)= abidy; £]/0y = 0. 165}
MNow, for a fixed £, expand % in o Taylor sedes in the neiahbor-
hoed arauad the signal beasing

blfn: £) =hifg: £1+ ' [fa: £l — He)

" é’*"i"s: Elfy = s+ (66)
where 070 (8s; £3is b8, £ evaloated at #y = fg. Differ-
entiating {560 with respect to 8, using (63, and ignoring lerms
hrzher than first order in {8, — &5} vields the bearing eshmation
rror

fiy — fie = b e &)/ 07 (He; £1. (L]

Denote (e expectation over the random variahle £ as ) =

Egl-). For large M, Varg (8"} < [(#"')]. and we can replace 57

by £8™% i (6T Thus. we can wow write

(K (e £}

(BiRes £

The variance of the beinng estimate 15 given by
Var(fy — 82} = {1 — 85"} - (g — #5}°

_ {I¥i8si €% — ies; €1°
{b[8s; £N°
e Var(H (e €)1/ (65; €)%, (69
It is masy e show that the Cramer—Rooe lower boand on the
bearing estimation error for an optimal beamformer reduces 1o

[y [ 16].
B, since £ 15 not a funclion of #y, from (300 we can wobe

(B — By ~= — [6E)

W) = =7 D' (W e (700
wilh
P A LA LT £ Y
ﬂw“]"(—ﬂam} ATRYE i

Here. D(6,) = adyify )/ dfy. Then F¥ (%) i3 a symmeiric
Toeplite matsix with elemenis

60y = L)

= —kp cos{ By b dagl B) {72

and 1% (60 i3 a skew symmetne Toeplitz marriy with clements
&)
o, i) = —d;fﬂt—“

= ks cos{Bly) dyy (6}, (13)
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Fiz. 8. RMS bearing emmar for SHE « INR = 0 JE

£X (ty ) is syrameiric becawse p-dzl fg ) 8 even in p, and 1%t
15 shew symmelric becanse @ - dfg ) 18 sld mp,
Similariy,

K = 0 74
with
. D[ty Dyiey)
(6] = ( : 75
S = 1 pging ﬂﬂﬂ.}) e

whese 188, is a symimetric Tosplitz mams with ebemenes
il (P = kp sin{fo) doplfo) = L5 cos? () d 5 (80) (76
and TE(#y ) is a skew symmetric Toeplitz matrix with elements
Br (B} = —kpainifi iy (Bo)} — E¥pf ons® (Rl (Bl (77)
I & toammer sionilar 1o ahe development of (a0, (69 becmmes

Varldy — g
_ Traee {[D4 (5401 (F5) = Diths)An (953 |
[Trace {1 (6s LA 1 (Fe) — D0(6s Lda {0:]}]*
 Trace {[1(Fs) Ag () — D085 14,1807 |
[Trace{ D (8t Anifs) — Dy iz An{ds)i]

If the signal 15 al array bromdside and heee is oo cluter, 178)
reduces W

(78}

Trace {[B{01117]"}
R T
The rms bearing ecror for the GOBF in the absence of clutier

with the signal amiving from broadside e thus given by the
souare rool of the vanance of the bearing errar shown a1 79),

(7%

Var{#y — fs)le;—n = —

B. Compartsen of Local RME Beaving Ervors for Wilten and
Beayrlen Weiphis

When cluller 1s pol present, the s bearing ertor caleulated
from {79 is corstant, with the crrar associated with using the
Wilzon correlalion-weight sequence exveeding that associated
with asing the Barlen correlation-weight sequence by 0003 de-
arecs. When clutter is present. the local rms beannz errocs cal-
culated feom (78} for a continuorm of clhitter Beanngs are shovan
in Fags. & and 9. For boih figures, tbe signal direciion is O de-
grees, the SNR s O dB, and the INR 15 0 and 5 B, respec-
tively, As the [igares show, the ms bearing error for the GEBE
with Wilson weights is greater than il is for Bartleil weights
lior almast all clumer bearings, Tle bearing ermors associzsicd
with vsing the Wilson cormrelation-weight sequence also oscil-
late meore due 1o higher sidelobe levals

O, Cilofagi Lower Begels oo the RMS Rearing Ervar

For low SNE's, it can no longer be asamed thal e
signal bearing pecessanly comesponds 1o the beam with the
maximum power output. Therefoee, there is a finite probability
that the wrong beam will be chosen, 1T s obviows thar the
comesponding mas beanng arors will be much larger where
the local errow bounds developed i the previogs subseciion
ne lopger apply. Under these circumsiances, the Znv—Lakai
hownd [15] will give & more acowate depiction of the mms
bearing error. especially if 8 peakpieker 15 used 0 conjunetion
with the posthemmiormer detection process. [ shookd be nided
that the Ziv-Fakai hound developed here s independernt of
thee true signal bearing.

For a multibeam peocess wilizing a peakpicker, we can
examing a simple hypothesis test for desection/bearing es.
tiranen. Conzidar a (wiestate hypotlesis tes! that wses the
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beamformed cutpal of two Deams o generale an estimats 4
of the zignal bearing, where the MEA of oee of two beams
st be chosen:

My i =iy
Ho: 6 = + 1. (800}
Under A, the bearing estimate 16 g, while under H the es-
timale i fy + 8. Mode thar &, and fg 4 & represent the mms-
imnm reaponse aves of Two beams whicl may not be adjacent.
When only & poriion of the beams available peed o be comsid-
ered as enndidates for the beam containing the signnl, 1 cn be
assumed thal d., = @ £ F . lignocing eny bearing e
biguinies due o aray geomeiy). When 8., < 72 andior
B = — /2, the met of beams chosen will be refered 1w as a
se1 of squeint beams, Now., consider 1 cace where #, = o /2
and g = =2, i, # can tuke on sny vales over the rangs
-2 &< 7 /2 Both & and §: + ¢ can lall anvwhere in the
same range as &, 1 we assume that B < fig + &, it follows tha
=xf2 % o= w2 — o, with =n/2 < @ < =/2

A subptimnal cxtimation srategy (kinery peakpicker] could
be of the form

Ha

h(ﬂnjgb(ﬂ_,+ﬂ]. i
1

If pt o5 sssumed that B and By are egually likely.ie, FUH | =
P{Hg} = 1/2, the probahility of choossng the incorrect beam
cim he wrtlen as

Pierror} = 3P (6 > fy-kt211,) -I-%P (i < Aot 21Ha
(82}

bui {£1) generates a suboptimam estimate for &, Therefore, the
heearing error probability is bounded from below by the min-
i ertor probakdlity F, (%, B+ ) Tee the oplimal ceiimagnon.
given by

Puifo. B+ 9) S 3 Ple > 9/2180) + 5 Ple < ~#{2lbn + 0)
(83
where ¢ it the érror in the estimate of §, given by ¢ = § — §;
under iy, o5 ¢ = @ — (8 + &} under Hy. The notatwon |#5 and |
S + O denote Jy and By, respectively, This notation will be
nsed inrerchangeatly,
Intcgraging (B30 aver the limits of #y leads 1o

A 1 =2
f .' Prl:ﬁu-"?ﬂ'lfi-‘]dﬂ'uﬂgf Pﬂltl?ﬂﬁlh]dﬂu.
=T d = —
H)
Drefimng
R . _
Fid) = — J(“ P[] == 18|#g ) By (%53
L
ithen

wie—i T
}{_ Polfin, #o + ) dify < {E]Fi-ﬁ'ﬁ}- (86

-
sz

Multiplying both sides by 20 /x and integrating over tf, and
using the fact that 27 e| = @8] = 1 For o < 0 vields

K

f2fw)
-1 e F e
< Jg; (shds

widmy
B, By, o + ) dlly

-

1T



where & = /2. Now, we examine £'(s) a5 follows:

1 £k

mfl

— Fi|¢] = alll'?._.]| ﬁ

== {im --J{ File|=fs = u = Ir) |ﬂ||j——

Sa—il T

1 T2

T ; J{rrlll"ﬂ

where P{s8:) s the pdl of the error = conditioned on 8. Thus,
— () b the uncomditiomal pdf of e pssuming that the proor pdl

of # is uniform on [=r /2, /2|
Therefore, the bearing ermor veriance = is given by

al = — f a2 W5 )
[i]

Pl ali ) oy (HE)

{30

wnd wsing (870 in (B resulis in the Fiv—Zakai bownd on the
hearmg eslimuiion cmors

1 a2 L

= o did’ Jf Pogy, 8y + A dfy.  (90)
L

E_f-—r,n'z

o

Since & likelibood function doges notexist o the beamformer
in the presence of clutler, an expression for P, (8, & -+ must
now be develoged. Define the sofficient statistic (o7 the gl
of & beamformer steered o bearing & 25

§ =B fa) = bl + &)
=x' Dy — = Py + 3T

Chiose Hi{8 = @b if I = 0and Hyid = &+ )01 < 0,
Cleasty, 1he 12si chooses the largest peak. Note that the case
[« Cunder 7y or ! > 0 onder By corstinge ervor conditions,
Therefare, if the corresponding pdf's p(f| M) and p{{|H, ) are
knmwn, ther

(91

) v e .
Fuithy, By + ) = %jf ol i) df + ;Jlr pli| iy 4 -@F el
1] = 20

(%2
Since Bl i) i the characlenstic function of plil A,
pli[H,) = 1 f' Wi Hybe™" e, (93
.0 S

Substitution of (93} inta (92 and integration over s nol pioss
sibde becapss the integral over { and w cannol be mierchanged,
Let ¥ = oy + juw, where o is & constant, and let Plw|H,) =
o sl bt then gt ) will be expressed interms of e in-
verse Laplace transform (Bromwich inegral or Fourser—Mellin
ineegraly of w#(s|H) (147, [13] as

g, = 1 o H e d 44
L qJ—,,” lor| Hy e s, 94)
h J——

Thee sribegration path, called the Bromwich path, 15 for aconstanl
value of o and for —oo < w < oo

IEEF, JOoRMAL OF COEANIC ENOMNERRETN, WO T8 M0k, &, IULY IO

Conaider the first intzgral in (94 for § = 0. The constant o
must be chosen such that 11 < o < Misip] ") where
T = [Ttol poles of ¢(s| 1, ) Re{s) = 0], (95}

Tieae ig, the Bromwich path must be toe the left of all pobes corre-
sponding io 22 |5y L on the posinve RE ] axs, The condition

cr 2= [ assures that the order on integration can be swilchid,
Th

: 1 b 1 el
_Jllr_m J'(ﬂ"“u]‘ﬂ—ﬁ j:b J{.-,-q.;. el s By 1™ e ol

bdme
1 Nt LY s

if_ll: Py = 4

1 = gl | H

=__Jr" Ploy + jully)] {5%6)
I f_ . @y o g

Sirmlarly, for { = {1, & must be chosen such that Mﬂ[p.:"

ep o< O where

1

1:13" = {Re{poles of Yia)Hy ) i[fela) < 0]. =7

Then. the second micgral m {927 becomes

f. pi i) 4t = __)'Jr }""*J““ ol s Hy e dsd

—_

-

1 }‘I‘”"*-"“ ol 8| H )
e —
E":r_r £

L™ leg + jwilly)

=—— o . (9R)
ax f_w e '

0

Boe that the condition tha the Bromwich path must be oo the
lefi o mghi of the conesponding anmlarities follws from the
Cauchy integral thenrem [14]

Therefore, (92) becones

R[Hu:l'i'u-l-ﬂ:"—”#f‘:
—ap e

Motimg the anafogy of (917 to (30, we can obagin by analbogy
with 46}

wlen el
LR T

Wieg + wl i) .

£y
oy bt

DN+ By B s

{1000)
By analogy with {49), we make wse of the singular value de-
composition of [D{8 1000 + DR (0e) = T ARy 51V7 .
which, by analogy with (31, leads o

Pira, n,‘]{wlﬁ,:l = |f+2jw[ﬂ[3u} -

A 1a
L TP #FJ{*'”I;] H (Tm) TN
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-15 =10
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Sigra-lo-Poden Fatio (dE}

Fip. 100 Eiv-Fasi loeer bistiid o6 mns bearing ervor 25 o fonerion of 398 or azmld plis solse dely.

Thus,

Fi By By 15 85
1 - 1

T oda [0y

I ™ 1
L L S
2AF

-_I s
'H(l+2;[en+ﬁd‘]="-if¢'u+ﬂ:ﬂ.ﬂ) e

kel

P

Il

A=

/2
1 &
( I."'E_.l{ﬂ'l +'il-..|.l :l.-"q- fﬂ..-ﬂs}] dw

{107)

Usimg ¢ 1020 in (90 resulis o an approsimae bower boed for
!

PR

I Commparison of Global BMS Beaving Frrors for Wilson and
Heirslomr H-Ef_g-ﬁrd:

Eesulis fram the compatation of the Ziv-Zakal lower bound
on bearing estimatior ertar for == /2 < § < 772 are shown
in Frgs, 1002, Fag, 10 ilhestctes the Tiv-Fakai lower boumd
o the rs Banng error for the sagnad plus nokse only case (no
clatbark. 1 shows thar, a5 SNE decrepses, e lower boamad for
both Bantlett and Wilson weights approaches that of the rms
error assaciated witls an error that i unifermly disonbotid cwer
180 deprees. Figs. |1 and 17 illusieate the lower bownd on the
rms bearing enor for TNMR s of Oand 3 4B, respective ly, wir ihe:
SNR at 0 dB. Examination of the figures shows that the bearing
erfor bound is abwayvs larger for Wilkon sweights than it is for
Bartlen weighes and than the effect of a srrong clutter siginal on
the rms beanng ermor is greater for Walson weighs than it is for
Bartlen weiglts. )

For a set of squaing beams with =107 < # = 107, Figs. 13
and |4 corréspond o the same SMNR and INE of Fygs. 11 and
12, T 05 ofwiones from the figures that reducing the allowable
bearing range for the signal improves the lover bound on the

ros beanng ermor. However. the Bartlety werghis stif] outperform
e Wilson weighis at almost all clutier bearings,

W1 SUBMARY AND COMOLUSKHING

In this paper. o generalized quadratic form of the GOBE was
proposed and deteclion apd bearing estimation perfomunes:
melties were developed for an arberary comrelation-weish
seguenee, Two classes of correlation-weiahl sequences can be
psedd with the GCBF: those that can be generated frm real
element-weight segquences throwsh a convolubion eperstion
ard those that canpol. For performinee comperison prirpses,
the smplest expmples of each class of correlation-weiszhe
sequences were wsed, Barlenn inaagular correlslion-weights
(which can be generated fom a comvolution of (be unily ele-
mieni-weight sequence), and Wilson unity comelisor-weighis.
Twa conclusions were dsawn concermng the beamiormner
responaes for the two weight sets: Wilson werghts result in
a4 more cecillatery response than Barllesn weighis, wiilh o
negative responss for many bearings, and Wilion waighs have
& nafrower main kvbe response tan that of the Bartlet weights,
The first conclusion implics that there i an increase in sidelobe
leakuge a many bearings for the Wilkon weighix and Lthus g
potential for a decrease in detection capability when claner
v jwesenl in lhe sidelobes, The second conclusiom gives the
GCRF rasponse with Wilion weighis a better resolution in the
ook directieom and (e ability o resolve closely space arseiz.
This appears 1o be the primary advantuge 1o be gained from
using Wilson weights versus the moene conventional weights.

Single snapshod beamformer responses for the case of two
deterministic signals show that the GOBF with Wilson corrala-
Liop-wierphts contain spurious peaks al look ditections between
the bearngs of the two signals, These sporious peaks arise from
eross lerms in ihe beamformeer equations for look diveciions Te-
iween the tao signal bearing=. For Bartlen comelation=-weighis,
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the weighits act as o spatial filer e miaimizes the impaer of
the cross terms by suppression of the sidelobe response.
General expressions for the pdf of the ootpin of the GCBF
were then developed in terms of the inverse Fourier transiorm
of the chamclerisne funcian. The noise mode] for these geneaal
expressions included elemeni-to-glement independien noiss
and spatially discrete interfersrs (cluter.) For the cass wharne
noclutier signals arc present. closed-form solutions for the pdl
could b obiained for bosh Bantlew and Wilson weight sers [16],
For Bartlent welghts. the GODBF cutpu pdf for the noisc-only
caie s o x° disiribation with 1we degrees of treedom. For

Wilson weights, the owtpur pdf for the noise-only case is
mizture disimibation composed of a weighted sum of svmmeirie
+* distributions, each with two degress of fresdom,

Anabviical performance measures were then developed for
ihe GCEF for both detection and hearing estimation. For da-
fection, geners! expressions for the deflection ralio were gen-
crated, and the nommafized deflection reiio was caloulated for
both weight sets. When cluzeer it gheent, the Bartlert weighl set
ourperiorms the Wilson weight set ar ol 3MNEs, When cluttar
is present, the Bartletl weights outperform the Wilson weights
except when the clotier sigral i very ¢lose o the ook direction,
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where the higher rescdution provided by the Wilson welght set
doininates detection by rejecting the cloer signal. Since deflec-
ticm ratio is ol an absolute messure of detectivn performance
Foo mon-Clanssian detector outpads, ROC carves were computed
numerically using the general expression for the GCBE pdf. The
resalting ROC cupves showed resuls identical 1o those of the
deflection ratio. Bartlen weights outperformed Wilsen weights
eneep for close-in cluger.,

RMS hearing emor bounds were then developed for both the
Lecnl and global beaning estimators, For local beasing estimator

CIToEs, it was assumed that the cormect beam wis chosen dunng
detection. For ihos case, gensral analytiol expressions wers de-
veloped which allowed for computation of the rmis bearing aroor
for both Bartkett and Wilsen weights. Onge again, the Bartenr
wei ehts oukperformed the Wilsom weighis For all chutier bearings
excepd those closs to the sipnal beanng, For global bearing esti-
malion errors, i s assumed that the probatuliy of the desected
signal being o amy give bearing over o rangs of bearings is uai-
formily disiriboted over thet range. For this case, the Ziv-Zakal
lower bownd gives a better estimate of rms bearing emors than
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those of the kocal esimaior bovnd. General expressions. (or the
Ziv—Fakai bownd for the GCBF were developed. Flois of the
Ziv—Fakai bownds For a Rl bearing range of 2907 and for a
squing beaam range of £ 10F show that the Banleit weighi= out-
performed the Wilson weishis for all cluner bearings.

To summarize the performance results:

* the response oF & coerelaton beamformer with Wilson
wiiglilz when two delerminisiic signals are present & dil-
ferent bearings will contain spurious peaks at beanformer
leck dirzctions between the bearings of the two sipnals due
to the presence of cross terms o the cormelstion function:

= when clutter i3 absent, the GCRF with Barten weights
will catperlorm the GCBF with Wilson weights for
both detection (defleciion and BOC carves) and heanng
estimation {local lewer bound oa rms beanng eomor and
Fiv—Fakai lower boand);

= when a cluter signal s present, use of the Bartlen weighe
in the GCBF give better perfommance than use of the
Wilsom weights for hoth detection (deflection and BV
curves) and bearing sstimation (ocnl lower bowrd on
mms hemnng amor and Zev—Fakai lowsr boend) for all
clutter beanngs excepl Uwse close 1o the signal bearieg.
Foa the more realisne fiv—Fakai lower bounds. GCBF
performance with Wilson weighls never escesds (hal of
1hi Bartlett waights,

Biaged on the analysis contained in this report. it can be con-
cluded that, in e presence of cluiler sigrals a1 any beanng cx-
cept bearings close o thal of the signal ol interest, the GCREF
with Barlest weights will cutperform the GUBE waih Wilson
weights for bath dstection aned bearmg esumation. The pres-
ence of clutter sagnals i the higher sidelobes of the GCBF
with Wilson weighis significantly degrades performance and
can emise spurions peaks in the beamfommer response in look
directions where no signel w present. The primory performancs:
gk 10 be had from wsing Wilsen weights iz in resclviag clossly
spaced signals.

Although not considered here, it would be inleresing Lo ex-
it the analvsiz of this report and compane the performance of
Hee two cormelation-wel ght 2quence classes moa more gepcsal
wWaY.
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