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Abstract

This paper presents new expressions for the multipath-induced pseudorange error(i.e.
bias) and variance introduced by multipath onto the time of arrival estimate obtained
using a non-coherent early-late gate discriminator. The results include the effect of front-
end bandwidth and early-late gate spacing.

We also investigate a blind method for cancelling the multipath, in order to improve
the time-of-arrival estimate. Our approach uses early-late gate processing on an objective
function derived from an adaptive FIR filter that attempts to match the crosscorrelation of
the received signal with a multipath-free replica of the desired crosscorrelation. This
method performs reasonably well, and decreases the multipath-induced pseudorange error
by approximately a factor of 2, even in very stressing multipath environments.
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Introduction

The Global Positioning System (GPS) uses the measured time delays between a user
and at least four satellites to estimate user position [1, 2]. Unfortunately, multipath can
introduce [3-5] a bias in the measured time delay that cannot be removed by smoothing
or by narrow-correlator receivers[6]. Advances in receiver technology are producing
receivers with wider front-end bandwidths and narrower early-late gate spacings; which
helps to mitigate multipath effects.

In this paper we will investigate an approach to cancel the multipath. As part of the
analysis, we will first obtain new results for the multipath-induced pseudorange error and
variance in the time of arrival estimate obtained by an early-late gate discriminator.
These results include the effects of both front-end bandwidth and gate spacing. The
multipath cancellation approach we consider for multipath equalization differs from (1)
the classical approach, which is to estimate and invert the channel, and (2) various
maximume-likelihood-estimation approaches [7-18]. The maximum likelihood method is
very powerful, but is computationally complex, especially when there are many
multipaths and the number of multipaths is unknown.That is,the maximum likelihood
method postulates there is a direct path of unknown complex amplitude and delay,plus
M multipaths with unknown complex amplitudes and delays.These unknown parameters
are then all simultaneously estimated using the measured data. Furthermore, some of the
algorithms (e.g., Expectation Maximization) used to estimate the multipath parameters
sometimes converge to spurious estimates,although the strobe correlator[12] appears to
offer significant benefit. Consequently, we consider a blind equalization approach that
simultaneously cancels multipath and estimates the true time delay. No information
about the channel is required, other than the assumption that the coherent sum of the
multipath signals is weaker than the direct-path signal. We will demonstrate that for a
given front-end bandwidth and gate spacing, our method can reduce the bias by a factor
of two (or more) relative to a conventional noncoherent early-late gate discriminator,
even in stressing multipath environments.

Bias and Variance Due to Multipath

We first wish to obtain formal expressions for the multipath-induced bias and
variance in the time-of-arrival estimate obtained using noncoherent early-late gate
processing. A noncoherent early-late gate processor estimates time-of-arrival by
minimizing the error function(also called the delay-lock loop tracking error)

e(7)=F(7+6/2)-F(7 -5/2) (1)

where 7 is the estimate of the true delay 7, Jis the time interval between the early and
late gates, F(z)=]r,(z) and r,(#)is the crosscorrelation defined as
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In Equation (2), T, is the integration time of the correlator,* denotes complex conjugate,
s(t) is the transmitted signal and v(t) is the received voltage, which can be modeled as

v(t)=s(t—7)+ iapS(t—‘[—Tp)-f- x(t) (3)

where s(t - 7) is the direct-path signal, zis the true direct-path delay, x(t) is the noise, ay,
7, are, respectively, the complex amplitude and differential delay of multipath component
p and Q is the number of multipath scattering centers.One of the multipaths could
represent a ground wave,if one exists. In writing Equation (3) we have assumed that the
differential Doppler shifts between the multipath and direct-path signal are small. This
assumption is valid in most instances,but there are cases[19] where it fails. If Equation
(3) is used in (2) we obtain

'
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where we have defined a, =1,z, =0, and the noise term &is
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Let us assume that the received signal has been first filtered by an ideal filter of
bandwidth B. Then we can express s(t) in terms of its Fourier transform S(f) as
s(t) = j_BB//ZZ df S(f )exp(i2aft) . (6)
If Equation (6) is used in (4), and we use the fact that the correlation interval T, is very
much larger than any errors in delay, we can rewrite Equation (4) as
. 9, L (B2 _
r(f+6/2)= Cspz_;)apj_B/zdf P(f )cos[2zf (¢ F 5/2+ rp)] -
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where P(f) is the normalized™ power spectrum of the signal, defined as
s(f)*
c.p(r)= UL ®

° T,

0

*

P(f) is normalized such that J‘m P(f)df =1.



C, is the signal carrier power, and

A

E=T—T . 9

In writing Equation (7) it has been assumed that P(f) is a symmetric function of
frequency, f. Although the results are valid for arbitrary symmetric power spectra, in this
paper P(f) will be chosen as the pseudonoise (PN) power spectrum

P(f)=Tcsinc? (AT, ) (10)
where T¢ is the chip duration of the PN signal.

Now substitute Equation (7) into (1), and assume” that|z | <T, and Bz <0.25 so in

Equation (7)
cos|27f (e ¥ 8/2+ 7, )| = cos(2afe) cos|2af (- 7, + 5/2)|+sin(24fe) sin|27f (- 7, +5/2))

= cos[2rf (~ 7, + 6/2)} 27 esin2Af (-7, +5/2))
where the last step follows by using the Taylor series approximation for cos(27zfg)and
Sin(27zf£). Then, we obtain for the error function defined in Equation (1), the result

e(7)=K,e+b+p (11)

where K, and b are independent of ¢ =z — 7, and are defined as

Q Q
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p=0q=0

X, = _B;/szf P(f )cos(nf5)cos(2ﬂfrp) , (14)
Y, = fé/zzdf P(f)f sin(af5)cos(277, ), (15)
Z, = j_B;/szf P(f )sin(x5)sin(24 7, ), (16)
H, =- f;z df P(f ) f cos(xfs)sin(2xfz, ) | (17)

and pis a noise term. If noise is ignored, and we set the error equal to zero, we find

*

Although the approximation used here is valid for the power spectrum in Equation (10) provided Bs <
0.25, we caution that the requirement is much more stringent for power spectra, such as binary offset
carrier (BOC), that have much of their energy concentrated near the band edges. In fact, we have
found that for the BOC (10, 5) that is being contemplated for the new military (M) code the
approximation is inadequate, and a numerical evaluation of Equation (1) is required to accurately
calculate the bias error introduced by multipath.
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or substituting for ¢

T=r+— . (19)

Consequently, the estimate 7 of the true delay ris biased, and that bias is equal to b/Ko.
If multipath is absent altogether then a, = 1 and all other a, = 0. Then, because 7, = 0,
by definition, it is readily shown that b = 0, so that the bias vanishes, as expected.

In order to validate Equation (18) we considered a single multipath (a1 = 0.5) and
evaluated the integrals in Equations (12) to (17) with BT, =8 for the limits when the

multipath is in-phase and out of phase with the direct path. These results are presented in
figure 1 and compared with the theoretical results for B — oo in reference 5. Note that
the agreement is quite good.

Theory for B = ¢ (ref.5)
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Figure 1. Multipath-induced Tracking error for ¢ = 0.2T,as computed From
Equation (18) when BT, =8



We now derive the variance of the time-of-arrival estimate 7. Let us first define
D(6)=C, f;/zz df P(f )cos 2746 . (20)
Then, Equation (7) can be rewritten as

rv(fw/z):ia;D(g¢5/2+rp)+ £(+6/2) (21)

where &is defined in Equation (5). Therefore, the error e(7 ) defined in Equation (1) is

e(7)=F (€+5/2)— (7-5/2)

Zzap q” " pq
+ 2ap [Dle+7,-5/2)£(5/2)- Dle +7, + 5/2)2(- 5/2)] (22)
+ia*[D(g+rq—5/2)§*(5/2)— Dle+7,+5/2) (-5/2)]

O
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where
Ay =Dle+7,-8/2)D(e+7,-5/2)-Dle+7,+5/2)Dle +7,+5/2) . (23)

The first term on the right-hand side of Equation (22) reduces to K, &+ b, in the limit

when &B << 1, where K, and b are defined in Equations (12) and (13) respectively. The
last three terms on the right-hand side of Equation (22) have been denoted by pin

Equation (11), and represent the effects of the noise. In the limit when ¢is small these
noise terms can be approximated by

p= Z:ap[D(— 7, +5/2)(5/2)-D(c, +5/2)¢(- 5/2)]

+3 Ao v, 72 (072)- O, 72k (- o72) @)
letor2y -ar2y]

where we have used the fact that D(-6) = D(6).

We first need to calculate the variance of p defined as

o’ =(p")-(p)". (25)



Then, upon referring to Equation (11), the variance in ¢and hence 7, is given by

2
o

052 :K_Z (26)

where K, is defined in Equation (12). Let us assume that the noise is a circular™,
gaussian random process with a symmetric power spectrum Py(f). Then, after
considerable manipulation, one can show that

01=23 Saa{ole, ~6/2)0(, 572

o p=0 g=0

+D(r, -5/2)p(c, - 5/2)}3(0)- D(z, - 5/2)D(c, + 5/2)3(5)

~D(r, +6/2)D(z, - 6/2)3(5)} (27)
b0
where
3(0)=["" df P(1 )P, (f)cos 240 . -

-B/2

Equation (27) is lengthy, but we can verify its correctness by taking the limiting case
when the multipath is absent. Then only the p=q=0 term remains in Equation (27), and
Koand o reduce to

K, =8CZ[" * df P(f Joos(f5) [ * dffP(f)sin(xA s) (29)

8C2 / +B/2 2 B2 .
o2 :T_S( 7 de(s )COSﬂf5) 7 dfP(£)p,(f)sin? st

. 2T(;§ {( I_B;/Zz diP( )P, ( f ))2 _( _Bé /szfP( f )P, (f )cosm‘&)z}

(30)

and

2
O

A circular, gaussian random process has the property that <X X7 > =0, whereas <X X > #0, where

the superscript H denotes conjugate transposed and <> denotes an expectation.



This result is in exact agreement with the results obtained in References 20 and 21, for
the case when Py(f) is symmetric in f (as we have assumed).

It is useful to normalize the variance to the Cramér-Rao bound, which for white noise and
no multipath is[20]

1
Ol = AN (32)
8 2 S'o
b
where N, is the power spectral density of the white noise, and
B/2
,B=J:B/2df f2P(f). (33)

We now assume that the signal power spectrum is that for a pseudonoise (PN) sequence,
given by Equation (10). For this signal, the normalized Cramér-Rao bound in Equation
(28) is

Ocr

a
T (cT)’
N

0

(34)

where « is given in Table 1.

Table 1. Values of ¢ for Different Bandwidths

BTc a
5
.35
29
.25
22
.20
7 19

The Cramér-Rao bound in Equations (32) and (34) is the unsmoothed error. In refs. 20
and 21 it is demonstrated that the Cramér-Rao bound, after smoothing by a tracking loop
of bandwidth By, is approximately

o O B~ W N




O_éRs = 2BLToO'cZ:R (35)

so that the smoothed error can be written as

1/2
O-CRS :a[ ZBL j ] (36)
TC CS/NO

For P(Y) code the average value of Cs/N, at zenith™ for a receiver with a noise figure of 4
dB and a 3 dB antenna gain is approximately 44 dB-Hz. Also, the loop bandwidth B, can
range from slightly less than 1 Hz up to 10 Hz. For B. =4 Hz, Cs/N, = 44 dB-Hz and
BTc = 3 we find from Equation (36) that

% = 0.005 . (37)

C

Let us now present some quantitative results on how multipath affects the bias and
standard deviation of the time-of-arrival estimate. We assume that there is a single
multipath scatterer of strength a, = 0.5exp(i¢) where ¢ is a random variable that is

uniformly distributed between -z and 7. The delay z; (relative to the direct-path delay) is
chosen as 7, = (0.2 + 0.8 )T, where 7 is a random variable that is uniformly distributed

between 0 and 1. We then used Equations (19) and (26) to calculate the bias and standard
deviation (normalized to the Cramer-Rao bound) for 100 random draws of the variables
(@, n7). Figure 2 shows the average of the absolute values of the bias for the case when
the gate spacing 0 = 0.1 Tc. We also performed calculations for other values of . For

0 < 0.2T, the results were rather insensitive to the value of &, but for & > 0.2T, the bias

increased as o was increased. From Figure 2 we observe that the bias error is significant,
but, as is well known, can be reduced by increasing the front-end bandwidth B. We also
calculated the bias when two and three multipaths are present, and as expected, the bias
error was larger than that shown in Figure 2, but still decreased as B was increased.

In Figure 3 we show how multipath affects the normalized standard deviation of the
time-of-arrival estimate. Again, each point is the average of 100 random draws of (¢, 7).
From Figure 3 we observe that the multipath does not drastically increase the standard
deviation, because the results are only slightly larger than the Cramér-Rao bound given
by Equation (34).

Thatis, C/N, = P +G —10log,, (kT,)=N, —L dB— Hz,where P is the average received

power for P(Y ) code = -157.2 dBW (the average is approximately 5.4dB above the minimum value
of -162.6 ABW ), G is the antenna gain at zenith = 3dB, R is Boltzmann’s constant,
T, =293°K, N =noise figure = 4dB and L = loss = 2dB.

10



Because it is not always feasible to use large front-end bandwidths to reduce the
multipath-induced bias, we now examine a simple approach to further reduce bias by
multipath equalization.

Absolute Value of Bias in Chips
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Figure 2. Effect of Input Bandwidth on Bias for 1 Multipath
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Figure 3. Effect of Input Bandwidth on Standard Deviation for 1 Multipath

Multipath Equalization

We wish to use a finite impulse response (FIR) filter to reduce the bias that is
introduced by multipath on the estimate of the direct path time delay. The FIR filter is
shown in Figure 4, and its unknown weights are estimated using the approach shown
conceptually in Figure 5. The overall method proceeds in two steps. First, we postulate
that the direct-path signal has a delay 7, so that the received signal is s(t-7) with a
corresponding conditional™ crosscorrelation function R(¢-7). The actual received
voltage v(t) produces a voltage y(t) at the output of the equalization filter in Figure 5, and
has a corresponding crosscorrelation function R (¢). The unknown weights in the
equalization filter are then determined by trying to match R (¢) to the desired conditional

correlation function R(¢9 - f). In particular, we determine the weights in the FIR filter by
minimizing the conditional error E(7), defined as the mean square difference between

i.e., conditional on the assumed value 7

12



R(@-7) and R,(¢). Once the filter weights for the postulated delay 7 are known, these
are used in E(7), and the second step is to search the conditional error function E(7) for
that value zthat produces a minimum. The value 7 is then declared to be the estimate of
direct-path delay.

Now let us explain in detail how the approach works. Let v(t) be the total received
voltage consisting of the direct-path signal plus multipath and noise. Then, referring to
Figure 4, the output of the FIR filter is

y(t) = I(_ZKka(t +KT) 38)

W'V
where W™ =[w_, ---w, ---w, [ VT =[v(t = KT)---v(t + KT )] and N = 2K+1 is the total

number of time taps in the FIR filter. Note that N = 1 (K = 0) corresponds to the case
when the filter is absent. The number of taps must be such that KT is of order of the

largest expected multipath delay. The unknown weights wy will be calculated shortly.
By using Equation (38) it is readily seen that the output R,(¢) of the crosscorrelator is

given by
R, (0) = iwnTi [Fats'(t-op(t+nT) (39)
where K is assumed to be sufficiently large so that KT is at least equal to the largest

multipath delay relative to the direct path.

If we recall the definition of the crosscorrelation function of the received voltage in
Equation (2) it is readily seen that Equation (39) can be rewritten as

K

R,(@)= > w,r(0+nT) . (40)
n=—K
Now, define the vector
R,=[r(@-KT)-r(@+KT) . (41)

Then, Equation (40) can be rewritten as
R,(0)=W'R,=R/W . (42)

We choose the weight vector W and the time delay estimate 7 to minimize the error
function

E()= L ["R(0—-7)-R (9) do 43
(T)_Z_Tlf—n (0-7)-R,(0) (43)

where R(8)is the desired signal crosscorrelation function. This minimization proceeds in
two steps: We first assume 7 is the correct delay and then choose the weight vector W

13



that minimizes E given 7. Then, once W is known we substitute that W into Equation
(42) and then minimize E with respectto 7.

If we substitute Equation (42) into (43), and then minimize with respect to W, we find
that

W =A"C (44)
where the (2K+1)x1 vector C and the (2K+1)x(2K+1) matrix A are defined as

1 ¢#+T

C=—| dOR(O)REO-7), 45

5[ 0o 0R6-7) ()
1 Tl * T

A=—| dOR (O)R,(F) . 46

5[40 ROR0) ()
If Equation (44) is substituted into (43) we obtain

~ 1 T 2
E(f)=—| |R(@)do-C"A'C . 47
()= | RO de (47)

Because the first term on the right-hand side of Equation (47) is a positive definite
quantity it is clear that E is minimized by the delay zthat maximizes the second term.
Therefore,

r =argmax|C"AC| . (48)
Note that there are multiple maxima in the function c"A'c for K > 0. Therefore, the
conventional (K=0) solution is always used to resolve the ambiguity.

Observe that, in practice, the weight vector W is never actually calculated nor is there
a real FIR filter. These are artifices used to obtain the result in Equation (48). Rather all
one needs to do is to calculate the crosscorrelation functions in Equations (45) and (46),
so that zcan be estimated.

The peak of the function
Q,(7)=C"ATC (49)
can be estimated by non-coherent early-late gate processing, using an error function
o(7)=Q,(+5/2)-Q,(¢-5/2) (50)

where 7 is the estimate of the true time delay zand &is the time interval between the
early and late gates. In the Appendix we derive an analytical expression for the bias error
obtained with this approach. This error can be expressed as b, /K, ,where b and K, are

presented in Equations (A15) and (A16) of the Appendix.

Let us now examine the bias error reduction that can be achieved using the
aforementioned approach. In order to study this problem we choose an early-late gate

14



spacing 6 = 0.1 Tc, a signal-to-noise ratio (after integration gain) of 20 dB and first
assume that only a single multipath scatterer is present with complex amplitude

a, = 0.5exp(ig, ) (51)
and delay
.
.I._l =7 (52)

c

where ¢ is uniformly distributed random variable (0, 2z) and 7; is uniformly distributed
(0, 1). The multipath-induced bias error both with (N = 5) and without the multipath
cancellation filter is shown in Figure 6, as a function of front-end bandwidth, for the case

when the tap spacing”™ T = 0.5 Tc. Each point is the average of 200 Monte Carloes over
the random parameters (¢, r71). Note that for BT¢ = 3 the filter decreases the bias by
more than a factor of 2.5 but the decrease is only about 2 for BTc = 5. Nevertheless, the
filter always decreased the multipath-induced bias, relative to the conventional, non-
coherent early-late gate discriminator. Although we have chosen a multipath amplitude
of 0.5 for this example, the method still works for smaller amplitude multipaths, but the
improvement is not as large(because the bias is already very small).

Next, consider two multipaths with the parameters for multipath 1 again given by
Equations (51) and (52) and those for multipath 2 given by

a, = 0.4exp(ig,) (53)
T _
i =1, (54)

where ¢, is uniformly distributed (0, 27) and 7, is uniformly distributed (0, 1). The
multipath-induced bias error both with (N=5, T = 0.5 T¢) and without the cancellation
filter are now shown in Figure 7. Again, each point is the average of 200 Monte Carlo
realizations of (a,,7,,a,,77,). Observe, that the filter again reduces the multipath-induced
bias, but not by as much as for the case when only one multipath is present. Similar
results are obtained when three multipaths are present. For example, we added a third
multipath with a, = 0.3exp(i¢, ), 7, /T, = 1, Where ¢, is randomly distributed (0, 27), 773
is randomly distributed (0, 1). The results for this case are shown in Figure 8. Thus, in

all situations explored, the filter was able to decrease the bias, but usually by only a factor
of order 2.

Note that if the multipath delay is expected to exceed T¢ then N =5 taps, for T = 0.5 T, is insufficient
and one needs to add more taps.

15



It should be noted that the use of other tap delays T (i.e., T =0.25 T¢, N =9 and

T =0.35 T¢, N = 7) were explored, but none produced significantly better™ performance
than T =0.5Tc.

Z814-02
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Figure 4. Five Tap FIR Filter
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T 1
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—————— Compute
Weights

Figure 5. Block Diagram of Estimator

These smaller tap spacings produced better performance for small multipath delays, but worse
performance for multipath delays of order Tc.

16



| 281412

0.055

0.05 \
1 \ abs(a,)=5

0.0a— \{entlonal

0.035— \

©
5
\

Average of Absolute Value of Bias, in Chips

0.03—
0.025|—
0_02—-.________________=7 N=5, T=.5T,
0.015 '
3 4 s
BT

Figure 6. Comparison of Multipath Equalizer with Conventional for 1 Multipath
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Summary and Discussion

In the first portion of this paper we derived analytical expressions for the bias and
variance introduced by multipath on a system that uses a noncoherent early-late gate
discriminator to estimate time of arrival. These expressions were evaluated for the case
of an early-late gate spacing o much less than the chip duration Tc, and allowed us to
quantitatively evaluate the advantage obtained by increasing the front-end bandwidth B
when the signal is a PN sequence in the presence of white noise.

We then examined whether an adaptive multipath equalization filter could reduce the
multipath-induced bias error further. We found that if an early-late gate discriminator is
applied to find the peak of the generalized noncoherent, crosscorrelation function Q, (%)

given in Equation (49), it is possible to reduce the multipath-induced bias by an
additional factor of approximately two. The price paid for this bias reduction is the
computation of the quantity

19



Ui = dor,(0); (0 ~[k-mT)
for |k —m|=0,1...2K and the function
5.(6)=[ " doR(@), (0 +7-KkT)

fork=-K ...0, ...K. For N = 2K + 1 =5 this represents five computations of Uy, and
five computations of S, (7) for each 7.

We stress that all of the results presented are for the power spectrum given by
Equation (10) and for signals with similar power spectra. Other signals, such as a binary
offset carrier, which has a power spectrum that is very different from that in Equation
(10), can be expected to yield very different results [22].
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Appendix

Bias Obtained Using Processor in Figure 5

In this Appendix we obtain an analytical expression for the bias when the peak in
Q, (%) is estimated using an early-late gate discriminator. Let us write Q, in terms of its
scalar components. We get

Z zcn nm m (Al)

n=—K m=-K

where Iy is the (n, m) component of the inverse matrix A™.

We now compute component n of the vector C. First, substitute Equation (3) into (2)
toget (for c=0+nT)

Q
r(@+nT)=>a, —_[ dts'(t-6-nT)sft—7—7,)

P=0 (A2)
+f_|'0°dts*(t—6?—nT)x(t)

where a, =1,7, = 0and the last term on the right-hand side of Equation (A2) is the noise

contribution to the crosscorrelation. Now recall that the signal autocorrelation function is
given by

R(g) = Ti [Fdts (t)s(t+g) . (A3)
Consequently, by using Equation (A3) we can rewrite (A2) as
rv(9+nT):iapR(H—r+Tnp)+pl(9+nT) (A4)
p=0
where
Tnp =nT -7, (A5)
pl(e)=% [ dts (t- o)) - (A6)

Therefore, component n of the vector C in Equation (45) is

cn(f)—i; ng(gﬂ r+T, R()
(A7)

+2—T1 [} deR(E)pi (¢ +7+nT)
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where we have used the transformation & = 6 — 7 in Equation (45), along with the fact
that R(&) is a real function.

In order to calculate the bias in the estimate we now ignore the noise term (i.e., the
second term on the right-hand side of Equation (A7)) and express R(&) in terms of its

power spectrum P(f). For T1 > Tc we obtain™
Q *
7)=CZ Zapjdf P(f )cos[2nf (F - +T,, | (A8)
p=0

where we have used the fact that P(f) is a symmetric function of frequency f. As was the
case in Section 2 of this paper, P(f) is normalized such that along with the definitions its
integral over all frequencies is unity, and Cs is the carrier signal power.

The other quantity in Equation (A1) that we must compute is the covariance matrix A,
and its inverse /- If we use Equation (A3) in (46) it is readily seen that the term Apy is

Y de[Za R'(O-7+T,)+p, (9+nT)}

2T
(A9)
{ZaQR(e—Hquﬁ p,(0+ mT)} .
q=0
We now take an expectation of Equation (A9) and use the fact that ( pl> = < 01 > =0,
along with the definitions
R(O)=[" /22 dfP( f )i (A10)
R, (0)=["" P (1) (AL1)
where RXX(H):<x(t)x*(t+9)>. We then find
29 0
A =253 Sara, [ dtP(f)cos24A (T, ~T,,)
Lo ~ (AL2)
+% [ dtP.()P(f)cos 24 (n-m)T

If we use Equation (10) for P(f), assume the noise is white so that Py(f) = No, set Ty = T¢
and define &= 2f/B we obtain

For a PN signal R(¢) = 0 for |§| >Tc , so that if T; > T we can replace the integration limits in
Equation (A7) by oo.
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M 188 g (x Ty T
3 _ZZZapaqﬁJ'Odgsmc [Zﬁgjcos{zzﬂ( T j@g}

(A13)
+

No 51 desine?( Z _mAe
T ,Bjodfsmc [2 ﬂgjcos{zzﬁ(n m)TJ

where g =BT, . For sufficiently large integration times T, the second term on the right-

hand side of Equation (A13) will be small in comparison with the first. Once the
components of A are known, its inverse /"can be computed.

The bias error is now determined by substituting Equation (A8) into (49), using (49)
in (50) and then setting e(?) =0. Ifin Equation (A8) we approximate cos2zf (g +Tnp)

by cos2fT, —2afesin 24T, , where £ =17 -7, we find

F=r+—L (Al4)

where

20 90 (A15)

n=—K m=-K p=0 g=0 (A16)

and X,Y,Z,H arethe same as X, Y, Z, H defined in Equations (14)-(17) except that P(f)
in (14)-(17) is replaced by P*(f) in X,Y,Z,H , and 7, is replaced by z, —nT and , is
replaced by 7z, —-mT .

The term b, /K, in Equation (A14) represents the bias on the estimate 7 of the true

signal delay z. Itis readily shown that b; = 0 when the multipath is absent (i.e.
a, =a,---=4a, =0), so that the estimate is unbiased in the absence of multipath.
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Glossary

Qo = strength of direct path signal =1

ap = complex strength of multipathp (p=1,2...)
B = front-end bandwidth

Cs = signal carrier power

N = number of taps in FIR filter=2K + 1

No = white-noise power spectral density

P(f) = signal power spectral density

Pw(f) = noise power spectral density

Q = total number of multipaths

S/IN = input signal-to-noise ratio = CS/(NOB)

T = intertap delay in FIR filter

Tc = chip duration

To = integration time of crosscorrelator

0 = delay between early and late gates

T = true direct-path delay

T = estimate of direct-path delay

Tp = delay of multipath p relative to direct path
T 0 (by definition)
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