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Abstracls  Capecity improvement and comfiional ponaltics ans vwo comgriationad] aidse for
faibming sabproclems inoa branch-and-gound procedure. In bos paper. we apply those tach-
ni|.||.|e-.: Ly thae fiaed |:I1a|];¢ |r:|||:5|'-q|n|'tp;i|:|||| I'm'l:hm TFETFY and shoaw how rellaxaticoms wf ghe FCTF
£uibproblierns Cun be |_'.-|5¢|:| s AR EYE IR aaEidin pn,:hl-:'rlﬂ (rither thar LE redostationsy. Diging
the concave relnaations, we propose 2 new condilional penaliy ond three new lyvpes of capacity
improvement iechmiqaes for the FOTE, Based on compuraional experiments using a sandeaml ot
of FCTP tast probl=ns, the new capacity improvement and panatty echndgees we responsible foo
a ehree-fold reduction in the CPU time far dbe branch-and-bral 2lgamtho and nearly 3 1lenfaid
reduction in the mumber of wbproblems thor meed to be cvnloated in the brupch-mmd-beumnd
CIMEIE FAEC e, &1 1999 Jolw Wiley & Sons, Inc. Mavel Bescarch Lopistics 46 341-355, 19949

1. INTRODUCTION

The fxed charpe transportation problem (FCTPD mvodves the determination of & mimimim
coal method T transporiing oW in a bpaitie seiwark i which, for each are in the setwork,
& guantuim of cosr must pe incurred before any Aow can be carried on that anc, Solutgon methods
for FOTF s fall info two gemeral casegonies: approximane and exact, & review of approximate
methods iy comained in the survey paper by Cuisewiie and Pardales [0, Chher approsiinate
methods pabdished subsequent to thiz survey paper are givan i Dialy [7] snd Kim and Pardalos
[13]. The focus of the presem paper, lowever, s o exact procedures. The vast majority of exset
methods—inclhoding those proposed by Barr, Ghover, and Khngrman [2]. Cabot amd Brengiuc 5],
Gray [9], Kenningioa [11], Kenmington amd Unger [12], Lamar and Wallace [18], Palekar,
Earwaw, and Zwonis [20], and Rech and Barton [21]—are based om immplermeniaions of a
branchi=and=bound alponthm For the FOTE

Recent develapments in branch-and-bound methods for FOTP's have focused oo conditsonal
peralties (sometimes calbad “up amd dowe™ penslties) to obtain lower bosnds i the FCTF, Bar,
Clover, and Klingman [2] and Kenmingion ansd Unger [12] applied the Dnebeoek [8] penalties
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(referred toin this paper as “Type T penalties) @ the FCTP. For the 8CTE, the comliionsl
penaltics proposed by Tombin [26] are (he same a5 the Tvpe 1 perdlties, Cobol sml Erengus [3]
derived another Lype of conditicnal penalties creferred to i this papsr as “Type T peoaltes] fos
ithe FOTP ihat incorporate the Axed chorpes on selected ancs in the FCTP Palekar, Earwan, aml
Zicenes [200] amad Lamnar dmed Wallste [18] proposed conditional paoaltes (relemmed oo this ppear
as “Type 17 penaltiest For the FCTF which combane the Type Tand Type 1T penalties.

The Type | pemolties con be obtaned wsing parametsie analvsis of the LP relaxation of the
FOTE, whereas the Type 11 and Type [ peaalics can be mesrpreied as the parametric analysis
qut A cpneave teliatiem of the FCTP The idea of basing conditional penaliies on a concuave
relaxation for fived charge problerns was originally sugpested by Cabet and Erenguc [5, 6], Tn
this pager, we formalize ihe concepd of a concave relaxation of the FCTP. In addition. we
indrodduce new penalies (which we reler o as “Type IV” penaltics] that are also based on a
eoncave relaxation of the FOTP The Type IV penalthes wre stromger than the Type L Type 11
and Type 111 penalies.

Anather enhancement o the brand-end-bound procedure for the FCTP invelves the uss of
“rapaciny improvement” (also called “range rediction” or “domain concraction” k. Capacity
improvement syaematically “shrnks" the feasible remon of ihe FCTF without “omting oft™ the
oplimal sulution w the FCTE. Capacity improvement weehniques based on parometric amalysiz
of an LE relaxaton of the onginal problem have besa developed by Lamar [14, 15, Lamiar amdd
Sheffi [16], Lamer, Skeffi, and Powell [ 17), Eyoe and Sehinidis [22], Sahinadis [23], and Thakur
[25]. We refer m these methods as “Type I capacity improvement. In ihis paper, we inbrodoces
three new cgpacity inprovemsnt technigques (refermed o as “Type IL7 “Type L7 and “Type
V'™ thot ore based oo concawe relaxatons of the FCTR, rather thon the LP celisonon. Tl
concave relaxations generate tighter boumds in ihe capacity improvemant o edin

Although conditional penaltics and capacity mprovement are concepiually different, they are
both bazed on the same type of parametric analvsis of g {lineor or congyve) relusabion of the
FOTP. Therefore, a certain amount of =svnergy can be achieved by combining thesw two
technigues. In fact, based on computationg] experiments for a senes of FOTE test problems,
combining capacity improvement with conditional penalties wsing a concave relaxation of e
FOTE canses nearly 2 905 reduction in the sverage momber of branch-and-hoand sebprobiens
that have 1o be eviluated and a pwo-thids reducnon o the average CPU time.

This paper is orgamazed as Tollows, Section 2 formulates the FOTF and s LF relaxaion.
Sectiom 3 descobes several concave relarations o the FOTP. Sections 4 and 5 presant,
respeciively, the four rypes of conditional penalties and capacity improvemem procedures
comsidered in this paper. Section 6 compares te compuiational performance of these metdhnds
nsing & series of stamdard FCTP west problems, Finally, Section 7 summarizes the paper.

2, PROBLEM FORMULATION
The FCTP can be formalaed as

Problem FOTP:
mini mize Zoddn) i
Hil=Es
subject o
2 A= & Yiel =4
i) =2

Wied, =D VI HEA (3)
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0 ifx, =10,
drlagh = [ fptogmy il 1; =10 &

and [ g the set of ongin nodes, J s the et of destination nedes. A = (Lo i S L 2 0]
is the sel of arcs, &, i U supply al the fh origin node, o, is the demand at the jih destination
node, c; is the unit cost for anc (4, 7, f; s the fixed charge for acc 0i. )y, and ;35 the decision
variable measuring the Aew carried on are (. 7). It is assumed that Z.2; 5, = EJ,;”'.’. Letaj,
denote the optimal value of a1, in problem FCTE. Also, for any pmhl:rl * ot v ®] denote the
aptimal chijective function '-'alm: of problem # Thus, v[FOTP) = -'W*EA ddxt.
Typically, m the branch-and-boind proceduse wsed t0 solve problem FCTP. a semies of
“subprablems" are formed by panitioring the arc set 4 ime A = A" U A™ 0 AT For each
are (f, j1 & A™T we huve xy = 05 for each ac (4. f1 € A™ we have ke = 0; and for each
arc (i, §) & AT we bave 1, = 0. In the branch-and-hound [H'I.'I-E-EdII-E' let P denotc he
albproblem of FCTP cumently under considemtion. Mote that any sabpreblem P ocon be
expressad in the form of the original problem FCTP by approgeiately ascianing valess 16 Lhe
finzd charges f,. Specifically, for esch arc (i, ) £ A™. §, is replaced with a large positive
comstant in subproblem P, Similady, for cach arc (i, j1 = A" the ongimed value of £ i
accurnulated as o Vsunk” investent and [ i replaced with zere in subproblem 2.
Let P denote the LP relasation of subprodlem P, As obsrved by Balinski [1], problem P can
e specified m the form of the following (linear) transportation problem:
Frofdem #

riimimiee E 1:,]+f“fna]_(|} 4
+ fHEA
aubject o (2,
whene
By = minls, d (5

Referring to the LP relaxadon P, let %, denote the optmal value of x, let a,,, denote the
clement in the {d, fHk columm and the (&, Dith row [Le, (8, {ih basic varsable] in the optimal
simplex rableau, let 7, and & denote, regpeciavely, the optumal value of the dual varighles
associzied with the ith origin consiraint and the fh destination constraing [see Bq. (), let 7y =
(g + Fdligh — & — oy denote the redueed cost for are (7, ), and let 7 = & + . In
addition, we partition the &re s21 A inio 4 = B U N such that (i, ) = B if &y ie Dasic in e
optimal soluion to # and (5, /) © & iF 1, is noabasic in the oprimal solwtion o P, For each are
(k[ = B the following two are :ul:gm are also defined:

MY ={(i,): (i DEN  d Gy =Dh
NP= W NEN and Ay >0k 06

Note that, for the FCTF, all &
per are =1 ar
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The informarion given above describing the optinzal solution 1w the LP relaxacon £ is used
to define several conceve elaxations to problem £

3 CONCAVE RELAXATIONS

Let ) denode & concave relaxathon of problem P, We consider lour deflzrent tvpes of concave
rebpxafions denofed by the superscripl s, whese ¢ = 1L D1 o IV, We fiest fonmulats the Type
LI and TT relaxations and describe soeveral impostant properties pertaining to Ehe parameiric
analysls of these relasaiions. We then extend our analysis o the Type IV relaxation.

31, Type 1, I, and LI

For ¢ = L I and 111, the concave relaxation O 18 formuloted as follows:
Prohlem 3"

e E ATy {7
lifsA
=ubject o
Yo, =s Wiel Ya,=d  MiEd iR
xz: 1]
5, unconstrained  iF (L) E B, 2}
K=0 L EN {1

For Twpe 1 = 1, the objective fanction for each wre {F, J3 £ A s specificd as the linear fonction
i = feg + flugdag Iy

where u; 15 defined i By, 05),
For Type + = 11, the ebjective function for each arc (6, ) & A s specified s the fised charge
fumction

{ey + fdugdy,  ifiL J1E R,

if (i, j} = A and 1y = 0,
R il f1e .!Jnm:l.:u:'-ﬂ pod g, 2= 5
ryg Ty i fHE Nand v 20 and o) < 7y,

Wil = (12}

whare ¥, is the reduced cost for ome (i 73 in the LP problem P andl Iy = m o+ . The reason
for choosing o fized charge furctom of this foom is discussed shortly [following By (143]

For Typz ¢ = M, the objective function for each arc {4, /) = A 15 specifed wing either Eq.
(113 or Bg. ¢ 12y, depending apen which fupction prodoces the largest valie an the peraimein
annlysis of problem O Thus, we specify ,..:-'II_.J.',J-_I s
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Mote that, although ¢} is not o conceve function, we con |r|b:rpﬂ:t 2" s concave
muirimization proddam I}1.I aelacung the appropriute contayve funchion {III“l 11 or 1.Ii“l:r ] for
each are (4, §h £ A, This idea was originally proposed by Polkor, Korwan, :md I.lnnts [.':"lll

In ' for ¢ = L 1L, dnd TOL, we glso define 4 reduced ool fomenon, Jenoted AL (r ). Tor each
arc 16, 1 = & as follows:

Ayl = dlngh — Ty {1d)

The redwced cost function in Eq. (14} 5 & generalization of the reduced cost coaffcienr T, for
the LP relaxation, In fact, for ¢ = 1, Alix, b = Fr, Note that, for ¢ o= 1 1L and L g0
bas been chasen so dbot A {.J.T.l will be o 1l-an-:ln:|:n:a.$|ng, comeive funciion for ;= O and 1haI
AL = 0. This is why l:ru" bis seb bo Fong + Ior b G € Aoand 1, = Oand o < 2
in Eg. (13},

1|-'I-fi.-. also bet 0 | xy = Ty + & denote problem O augmented witk the constraint “x,

[+ 5 whem v X is |:|bE il velus o X, m the LI relasation P oaod & 12 2 (as vet l.II'IEpE\-EIﬁEd.r
5|_:|I:1r Duch of mlr gubsequent analysis |.I'.|'|.'|:||'|"ti the change Tn the optial alfjective Tunclion
value of pioblem “(" | x, = &, + & & & & vaned. Hence, we define o function, denoted
H{ B}, as follows:

§i8) = [ | x, =, + 8] - v[Q]. i15)

We refer 1o & () as the "purametric function” for problem 2 and ane 66, b

Problem ¢, for r = L T, and I1I[, exhibils four special propertics that makes 8,0 6) casy to
evaluate. First, oheerve that, by congruetion, (¢ is a relaxaion of problem P, Second, also by
construction. the cotimal sobwtion t the LP reluxation P is also an optimel solution to problem
2 and w|(¥] = o[ F]. To see this, note that {T,} s feasible in @' and thot :'l’ixj',l it a
nondecreasing function for each (i, jy © & Third, if (i, AN E M then o L) s given by thi
reduced cost function for are (. 7). That is, if (i, j} £ ¥, then

AuB ifs=0,
oo ={ P Nasy (16}

Founth, 1T (&, §1 & K, then lovcimg xg, o shift from Ty, 10 5, + 8§ in problem (° means tha
a single nonbasic varisble 1, will change from zero W |8 and the mininmey objective fanction
vale will incrense by A70 8. The reason 2 single nonbasic arc will chiange is tat the basic arcs
are mot mwsivicted i pmoblem & [see Ego 9] and the reduced cost fonctions &50x,0 are
romdecreusng und concave for the nonbasic arcs, Thaes, if (&, 1Y € &, then the function ¢ “J:EJ
is given by

0y if&E=0
min (AL — 81} .
ML(E) = naeRl” ihe=u 117
min { Al S} =0

bRl
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where N0 and NH sre specified in Eq. {6). Observe that for ¢ = I 11, and TIT and for anch
() E A, 84(8) is & noomegative, uninsodal function of & and dur @000 = 0.
Thia type of parametric analvas cun also be extended 1o the Type TV concave relaswton.

32 Type IV
ForTypet = I"-" we consider 2 family of concave relnxations denoted by 7, whers (m, »)
£ A. Problem QU 5 of the some Torm as problem 3" pies the additional capacity constraint

Koy 5 Wy, (183

for ﬁ nonbasic are (e, ), Thus, for problem ¢, the abjective function is given by .*""'{I 3
- bh_. (v [see Bay. (13)] und the feasible region 15 detined by Eqgs. (8}, 1’91 1, and {]R} For
a given arc {7, j1 £ A and o given value of §, the s (en, ) i problem @0 i selected s the
nembasic arc whose flow is shified from zero o |3 in response to the constraing “x,, = ¥, +
& heing added w problem & In ofher words,

(m, ) = arg index| 4 &3} {193

where §1(8) is given by Egs. (160 and (17} for ¢ = WL I (L 5 & N, then are (e, i) is the same
as are (i, fb. I are {0, j) € &, then (. 1) will be a simgla arc contained in the =20 "'.TI"“ fior &
< 0. and a single arc comained in the set M.™ for & = 0.

In evaluating H""rﬁ}. we cansider two p-mall:nla cases: |8 = u,, and |8] = w,... For the first
oase, if |E| = W, ther consiraint (18} s not binding and the pasamerdic analysis of problen

e Wil b identical to that of problem O, Thus, iF |8] = w,,,. then 83" () = 85%8). For the
second case, if |8 = &, than either (i) there will zero units of Aow chifted cnfo arc (m, 1)
and |& units shified oo another nonbasic arc or (i} there will be u,,, units hifizd w ac
{me. o} and |8 — i, units shifted onie another nonbesic arc.

Ta describe this process algebraically, we define -F'!F[E:n wi the paramsatric function for problem
O™ with nonbasic are (m, ®) deiermined according o Ba. (19) excbided. That is. 8] (6 is
defined by Eqe. (16) and (17) excepl that the w0 of nonbasic acs is Wken as N—{(m. m)) 0’
Ehase e}.lua.lmns. The function §}}(5) can be interpreted a5 the “second best” value for &) '(5).

Then. &.°(8), the parametric function for problem (07, is given by
H 8 if |8l = w
sy = ¥ -
B18) -{ min( @81, Alfu.) + B8 i8] > v
whese
A+ i if &= 100, .
s={ 3100 so e

Cibaerve that, for 1 = [V for each (6§} £ 4. EI {8 is also a noanegative. vnimodal function
of & and l|1I|. @0 = 0. Also, noie that ﬁ:ur nn].r are i, 1), prablem O™ is a reloxation of
prcidest -Qm,, and both problems £ and 1:_-' are Telaxations of problem (3. Hence, for any anc
(i, /1= A and any valee of & the following relationships hokd:
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0(E) = 6)(6) &= 618 and  B(B) = @A) = 006 (lpdey

The purametric function 0,086 given in Egs, (160, {17 and (20) is wsed 1o compue the
conditonal penalties and the capacity improvement coelficients for sebproblem P,

d. CONDITIONAL PENALTIES

Codivionzl penaltes are wsed w obbiin a kweer bound e v F] that is tghter than the LP
relaxation valus -.-I.F*I. Lin thiz sectaon, we consider T ypes of conditional penaliies, denocted
PEN for 1 = [, I, I, gngd TV, than ave associziod with the four types of concave relasations
Formubared in Section 3.

Let ¢k, v & B 0 AY™5F and et DA, be an anderestimate of the mcrease in the ohjective
furction value of P when are ik, 1) is ransferred from A™ w A™T. Since Q' forz = L1,
and T and @7 for each (m, m) © N are relaxations of problem £, the parmmerric function
AL & con b vssd o obipin DNV, Specitically,

DN, = B4 — T, i3
Ty adehition, let 7P be an underestimate of the increase in the ohjective imction value of P
when are (£, 1) is transferrad from A" o A™ In this case, the ohjective function will increass
elther by (1) the remainder of the fined charge £, or €00 an amowd given by #,{8). Specifically.
UPL = mindfyy <11 — Tfng), Phle, — w0} i24)

The type ¢+ conditismal peaalty for are (&, /), denoted PEN . s miven by

PEN, = minl DNy, TPy} (2%

This penalty 15 compued for esch are (b, ) € B 7 AT and the musimum penalty is tabken
as the typee ¢ conditionsal penalty, That is.

PEN' = max {PENL 28]

e
fir ML

This penzlty is used in the following “fathoming™ ciiterien for subprobloan P
e[ F] + PEN = ub[ FOTP] (27

Here, ab[FCTE] 1= a0 upper bound o o[ FOTE] Typreally, wl FOTP] s taken as the abpeclive
function valee of the current incumbent solution o FOTF in the branch-and-bousd procedure.
I condition (27) s satisfied. then sulgaoblenm P dand its “descemlants™) can be excluded from
furcher consideration in the branch-and-Bound procedure.

Beomise of the conditions given in (22}, the following relationships hold among the coumsdi-
ticmal penaliiss:

PENY = PEN" = PEN" = § and PEN™ = PEN" = PEN = 0. (]
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Thee Type Teonditional peradty, PEN', i the Diicheek—Tombn penalty [8, 26]. This penalty can
wls be interpreted as the incrzase in the objective function value of v[P] abtained from a single
dwal simplex pivot. The Type 11 conditiony] pemalty, PEN''. is the Cahot and Erenguc [5]
penalty. The Type T pensiby can also be decved using o Lagrsngian relaxation of problem P,
The Type I conditional penalry. PEN", was originlly proposed by Palekar, Karwan, and
Zieants |20, It was revised sightly by Lemar and Wallace [ 18] 10 ensure that PEN™ is g valid
conditional pemalty for problem P, The Type IV conditional penalty, PEN™. is 2 new
conditional penaly For the SCTFP being istroduced in this paper. As indicaied by the relations
ships in (28]}, b (% o steonger penalry than the Type 1, I1 o T conditional penaltics,

The parametric funciion #4486} used o compute PENT can alse be applied o 8 capacity
impraverrent procedure for the FOTR

A CAPACITY IMPROVEMENT

The purposs of capacity tmprovement s o obtain an “unproved <opecity coefficiont,”
denated o, for x; such thas

q'-:'l =y, ()

where ey, is given by Bg. (3), Fanhenmore, iT the optimal solution to problem FCTP 65 contained
in the feasible region o subproblem P (e, if o[ £CTP] = o[ P10, then ;15 chosen such than

the following condition is also troe:

P E-418 {30)
Here, 27 bs the optmal valse of x, m problem FOTP [A amilar procedune cun olas be used
ahtain an uoproved lower boomd to v thit is greater than or equal to zero.] Let £° denote the
LP problern of the forrm of problem P except that i, is wsed in place of o, for all (7, ) € A"
Note that, for the FCTP, peoblem £ is also of the form of & (linear) ransportation problem
Condition (2%) means that v[#] = [P, and condition (30 implizs hat v ] = [ FCTP)
whenever the aplimal sohation 1o problem FCTF (s confained in subproblem P, Perthermore, fhe
conditional penalties deacribad n Section 4 can be computed wsing problem B (rather than
problem P simply by solving P and wsing the coefficiens iy, irather thai i), Therefose, the
capacity improvement procedure produces the following “fathoming”™ crienon for subproblam
P

v[#] + PEN = wb[FCTP]. {31}

Critargon {317 5 al least as tght s criteron $27) In sddition, the improved capacity soeflicients
d; can wlso be used in place of uy in eny “descendants” of subproglem P in the branch-and-
boued procedere. This, in mem, facilitates the fathoming of these descendant subproblems, See
Lamar | 14] for detuils,

To compae i}, that satisiies condition (30} we define 2 scalar, denoted &, as follows:

&, = max{s : 818 = wb[FCTP] — v[P]} 132)
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Remember thal, by consrustion, #4 8] i3 2 nonmegative, unimodal funciion of & with 6,03 =
0. Therelore, il W{FCTP] = v[P], thes *[FCTPe, = T, + 8] = ublFCTP]. Hence, if
¥[FCTP] = w[P], then it must be the sase that xj, = 5, + L&, ], where L&, mdicutes the
“Aaor” function f.¢., the greatzst imeger less than or equal o &%), To ensure that the improved

capicity cocffcient alse sansfies condition (29), we et 4 Lo
& = mindng, ¥, + L8LI) (33

Equation (33) is wsed to determine i), for each (i, j) € A™ Problem P is then solved and
usad to obdmn v and PEN, These values, in tuen, are used in criterion {31} in an atarmpt
e Fathon subprobdem 2, I critecion (317 s not gacstied, then cideer 5 the capacity improves
ment procedure can be repeated (using P in place of Py oblain even tizhter improved capacily
caoefliciants for the current sunproblem F or (i} an are (8, 13 = B 11 A™ can be selected ax
the “brinching™ arc and the improved capacity coefficients can be used in the descendants o the
surent subproblem,

Becwse of the conditions given in (22, he fellowing relzionships bold amoeng the improved
capacity coeffciens

SV 2 = 1% + 111 | 3
iy Sdy=AlSe ad Ay = 6y = 8= 0y (34

The tvpe | improved copoacity costticients, 4., based on o linear relaxation of problem P, have
been studicd by Lomar [14, 15], Larmar ;o Shefli [16], Lawse, Skeffi. and Fowell [17]. Eyoo
und Sahimicis [22], Sahinicks |22), and Thakar [25]. The Type L 1L snd IV eapaciry
inprovement coefficients 41, g1, und &) are new for he FOTP and are belng introdiced in this
pager.

The computaional cfficiencies achieved by the Towr differcot types of conditional pemaliies
and capacity improvement are exzmvined nexs.

6. COMPUTATIONAL PERFORNMANUE

The parpese of the cormputatisma ex periments described in this section is e compare the Fowr
differant types of condilional penalties and copscity improvement fechniguss empincally. The
caperimental plan and the resalis are described below,

61, Test Prohlems gnd Procedore

The FCTP test problems osed in our experiments were based on those developed by
Kenmington and Unger [12] and Pulekar, Korwan, a0 Zionts [20]. The characteristes of thase
test problems ane swmmerized i Tabbe 1. Thees test proslems for cach of the 16 sers were
genernied, resullimg i o todal of 48 est peoblams, Al st poblems were fully dense (e, there
wis an aie frem each ongin node 9 ssch destination node b Excepd fior the last demand mode and
the arcs ancident 1o than node, all supplies, demands, fixed chorpes, and varieble cosis for each
rest problem were genented randemly From a uniform distribution with prespecified bower and
npper limits o5 shown in Toabde 1. The demaed ot ihe last demand oode wiss sel so dhat ioful
aupply equadled total demand in the network; and all ores incident to the lost dermand node had
e fxed cherges and zero vaniohle costs,
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Tahle 1. Charaoleristics of @ pooblams.

Hize Range Ranpe Rang= Range
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A branch-and-hound algocithm for the FOTE was programmed in the © language and was
comgiled vaing the Watcom C0C+ + compiler version 100 wd tun on a S8EDXT-G6 personal
compaier. The LP relasations of the subproblems {i.c., the lincar transporiation problems P}
wore solved using the CPLEX callubde ltwary, version 30,0 Our branch-amd-bound  procedane
allowed for five possite choices Tor conditicmal penalties (Type T, 11, TIL IV, and no coenditional
penalties) as well as five poszible cholces for capaciny impeovement {Type L L 1L, IV, and 6o
copacity improverment). Thus, tere were 25 possitle combanations, Each of the 43 test problems
was solved for esch of the 25 possible comsinztions of conditional penalties and capacity
improvement.

The branch-and-bowid enumerstion tee was evaloabed asing o deptl-first search with
backtracking. The lowest cost feasible solation using the FOTF ohjective function g i v, ) [ses
Eiy. (33] wns retained oz the cument incumbent ond its objective fonction valee wos steged os
wB[FCTP). IF v[P] was greater than er equal to ab] FOTEP], then the currend subproblem was
“fathomed.” IT the current subproblem could not be fathomed by o P] and cenditional [!:ui.]l'u:s
wire wsed, then the Type ¢ conditiona] penalty, PEN'. was calculated amd added 1o v F] in an
effert 1 Fothom the corant subproblem. IT the carment sabpeoblem sl conbd nor be farhomted
and capacity improvement was used, then the Type ( improved capacity cosfficients £ were
caloulated. Experingeniion indicuied that it was more efficiem (o use these imprayed copacity
coxfRcient= on descendants of the cumrent subprobdem ruther than tu resolve thi relaxation of the
cument sabprohlem. However, if conditional penaltics were used amd the “down™ or “up”
penalty for an are indicated that thot are could be “pegped” (i, ransfered from A 0 A™T
or A™), then it was moe eificient to resolve the relasation of the curment subproblem, T the
current subproblem stll could mot be fathomed and conditong] penalties were veed, ten the ar
i AT sesociated with the largest conditionnl penalty was selected a5 the “hranching” arc and
twer new subpmblems wers fonmed. Oiherwise, iF conditiozal pemaslties were mel used, then the
are in ATPEE o value Xluy wos closest to 0,3 was selected as the branchmg are

Mete that the Brasch-aod-hosnd algorithm without conditional penaltes or capacizy improve-
ment provided o benchmark for comgering the viskous types of comditional penzlics and
capity improvement, In addition, each of the test problems was also solved sepuanuely wng
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Tahle & Averuge nember of Tramspomatm peobloms solned,

Comditicnnl Capacity linpeosvessnl
Penalry Mo Type [ Type I Ty 10 Type I
Moz RAF 382 2458 F5R 27
Typel d13 20} 154 (e Las
Type 1T 3 333 25 HFE 14H1
Type M &9 154 145 145 13
Type IV {43 [ Bk i iin

the CPLEX MIT aclver, For the MIP solver, the FCTP was formlaked wsing 2 set of contnsans
variables { ry} and a set of binary variables { v}, The feasible region was defined using
constraings {2 andd a ses of “forcing”™ constminis “r;, = wov, ¥ (i, 5) £ A7 where w, is given

by B ¢5p Therefone, the CPLEX MIP solver providesd an independent benchmark for the
procedures discessed in thas paper. The resulls of these compulational tests are given nest,

6.2, Hesults

For each of the 25 possible combinations of conditional penalfies and capacity impaovement,
the nomber of transporiation problems solved and the CPU dime for the braneh-and-boend
algorithm was recorded for each of the 48 wai problems. Tables 2 amd 3 show, respectively, the
gverage number of ransponation problems solved and the average CPU dme (in seconds) Tor
the 48 st problems. The mombers in boldface in Tables 2 and 3 indicste resulis based on
techniques previously teporied in the licersure, The Type L 1L and I conditionil penalties
withaul capacity improvement are described i |2, 5, o 8, 11, 120 18, 200 28], The Tvps 1
capacity improvement technigee without comditonal penaliies qe discussed in [15-17, 22, 23,
23] The combimaton of Type 1 conditional penalties wath Type | capacily ioprovement wis
iniroduced in [14]. The nonboldface nurmbers in Tables 2 and 3 are new resuls based on the
technigues presemtad n thas paper.

In Takle 2, the entry in the vpper lefi-hand comer indicates that, on average, 932 (lineair)
tramsporiation problems needed fo be solved when neither conditional penaliies nor capacily
improvement was used. |In comgrarison, an average of 297 subproblems had o be solved when
ihe CPLEX MIP solver was used.] The first column of Table 2 shows the affect of conditional
penalties wlone (e, without capacity improvement). This columm shows that the conditional
penibtics contributed significanty in fathoming subproblems in the branch-and-bound proce-
dure. Also, a5 expacted, the Type IV conditional penaley was stronger than any of the other tvpes
of conditional penalties. The first row in Table 2 showws the effect of capaciny improvement alone
{ie., without conditional penalties}. The table shows that greater futhoming was achieved when

Tabde 3. Average CPU seconds.

Condiiomsl Capacity lmprovemert
Penaliy ons Type [ Type I Twpe 1N Type IV
Mane Sl 4,32 327 il 3z
Twpe 1 o, ik 3013 153 236 238
Type I LR | im 103 I3 2
Txpe I 247 255 el M b}

Type TY L o L.H¥ 1.3 1.89
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eapacity inprovement was used; and the Type IL IIL and IV copacity mmprovement Chaged on
aconcave relaxation) produced nghter coefficlents than the Type [ capacity imgrovement | used
on a linzar relaxation). The remainder of the table shows the effects when both condinonal
penaites and copocity improsamient wire uzed. This part of the table shows that i was mom
beneficial to use both technigues wgesther than 0 vse either one of the wechnigues alonz, The
areatest redoction wes ochieved u,';-ing T!.-'pe % conditiomnal Funllim: topether with T_-.-pl." I
capaciny inprovenent. In this case, an average of 110 cransporiaizon problems had w be selved
for the 48 test problems. Thes represenis an 88% reduction compared o the brarch-and-sound
procedere without conditional penalties or capacity Improvemenl.

To quaniify this imorovement farther, let 5. denowe the pereent redoction in the average
onumber of iransportation problems solved wsing Type IV penalies amd Type [V capocily
improvement compared 1 no penalties or capacity improvameni. That is. let

NS = uversge number of tmnsportation problem solved witheot penalties or co-
ity imgrovement,
N = average number of transportation problem solved with Type IV penalties
and Type IV copucily improvemeant,

Then, T 5 defined oz

{m-ﬂ.l] _HI'-'I'.'}
T = % % 100, (35}

As mentioned in the previeus paragraph, for the entire set of est problems, e = 88%. This
improvement insreased as the test prodlems got larger, Specifically, for the smaller test problems
{5218 1-7 in Table 1), Ty = 79%; for the mediom-sized problems (eees 8-12) 1. = U2%: and
for the larger problems (sets 13-16), e = 95%.

Furihenmor:, he improvemsrd in gep also incrensed as tlee st pooblems boecame harder,
Here, “hardness™ was measured by the mtio of the Gxed clargs objective fusction coefficient io
the vt cost objechive funchion coefficient averagsd over the wrcs in the network, Let this ratio
be denoed by . Thal ks,

| £
n—th - 360

sea TF

Probdems with a lernger value of & penerally have a greater objective Function valse gap between
problem £ ard the LP relaxation P This, problems with a larger volue of § tend to be hardes
Iy sipldve

To control for problemn size, the largast et problems (ie.. sets 13-16) wers seiecied. The
average vilie of i for sets 13 and 16 was 0,45, Henee, seis 15 and 16 can be classified as the
“easier” problems among the group of larger test problems, For these eacior est problems, N5
averaged 189 and nyp = TE%. In contrast, the average valoe of & for sets 13 and 14 was 40.0,
This means that, amaong the proup of larger test problems, sets 13 and 14 con be ¢lussified o8 the
“harder” problems. For the harder test problems, V55 averaged 1516 and g, = 97%. Thus, the
Improvement in Ty wis greater for the harder problems.

Table 3 shows similar patems for the average CPU time. An average of 5.61 5 was regquired
when neither conditional penalties nor eapacity improvement was used. [This compages w0 an
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averoge CPL mme of 3,14 5 for the CPLEX MIP solver.] The frst column of Table 3 shaws the
effect of conditional penilties alore; and the firze row shows the effect of capacity improyement
alope. Here, the most efficent conditisnal penalties were the Tvpe IV penzliies. For capacity
improvemend, the Typs T capeeity improvement was more efficiem than nat using any capacity
improvernent; and the Type 11, 1L, and TV capasity improvement methods were more efticient
than the Type 1 method. However, the sveraga CPLU tmes for the branch-and-bound algorithm
usinig the Type 11, LI, aod TV capacity improvement methods were roughly the aame. Thus,
although the Type IV improved capacity coefficients were Gghier than the Type T eoefficients,
this benefit was offset somewhar by the fact that preater compuotationsl efforls were reguired w
calenlae the Type TV coellicients. This same relationship was troe bedwaeen the Type L and the
Type I inproved cogacity coclicienis.

Another pattem brought out by Table 3 is that, once again, it is more eflicient @ combine
comditional penalties and capacicy improvemant. In this case, the lowest CPU time, on average,
acetrred when the Type 1Y conditional penaltes were used with the Tyvpe 1, TIT, or TV capaciny
improvement. Using these rypes of eonditional penalties and capacity improverent yielded a
7% redmiction in CPL time compored w the tranch-and-bound algorithm without conditiaral
penalties of capaciny improvemant,

Bloveover, a5 with the number of tonspoertation problens solvied, the greatest improvement in
CFLF time occurred with the larpest, hardest probboans [where “hardness” was measured using
the ratio & defined in Eq. (38)].

7. SUMMARY

Thiz paper has exnminesd branch-zixd-bound soluticn metheds for the fised charge franspor-
tation problem (FCTP). A distinguishing featurs of our work was the use of 2 concave relaxation
in plice of the standard linear relaxation of subgeobleme o the branch-and-bound procedure,
Fernmelric analysiz of the conoave relaxwton was usesd to generste conditicmal (e, “up™ and
“divwn™) pennlties, A new condiional penalty, which is stranger than other conditional panalties
given in the literature for the FCTP, was derived. Tn addinen, the concave relaxation was useid
b penerate coaffoents i a capacily impeovement (.e., “range redution” or “thomin Cortr:-
ton”) procedure. These coefficients are tighter than the copacily improvement coefficicnts
derived from a liesar relaxation of ihe subproblems. Computational expenments, based on @ sel
of stndard FCTP st problems. indicated thut (ip the conditional penalties proposed in i
poper are mote efficient than previously proposed penalties, dii) the capacity mgrovement
techniques based on a concave relaxation are mone efficient thon those besed on 2 hincar
relaxation, [iii} combinimg conditionsl penalies with capacity improvernent 1= more efficiem
tham using eilher wchnique alone, and {iv) the percent improvement in solution time achieved
by using condiional panaliics and capacity improvement is greater for the lrger. harder jest
problems,

TIn chosing, we nofe: fhree ancas in which the techniques described in this paper can be applied
to probdems that are more genceal than the FCTP Fimst, conditional penmlises and capacity
improwement cun te applisd tnetwark Aow problems with aebiuney concave sre coal funcibons
(Bell and Lomar T21r as well s 10 problems imvelving the mmimization of a coscave fumetion
over o paelyiope (Lomar [15]3, Second, W Tvpe [ through Type TV penaliies presented in this
paper s also be combined wir other types of conditional penalues, sach a5 fwse proposed by
Bretthawer [4], The Bretthaver penzlives mve o lower bound to the objective function value
increase when a Toy [27] col is applied 1o the LE relaxation of the problem. The Brethaver
penalty can ke made even ghier by basing i on the yypes of concave relaxations described
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Section 3 (pather than on a limear relasation). Third, & promising area of futire research is 1o
combine the techniques presenlad i this paper with ofher solulion procedures. For exampple,
comditicnal pennlties and capacity improvemen can be wsed i conjunmetion with valid inequality
ardd cutfing plane techoigues [see, for cxample, Nemhbawser and Walsey [19], Savelshergh [245,
amd Van Roy and Welsey [2Z8]) Hene, the braproved capacity coefficients may prodoce stronger
valid inequalities which, in rm, may yield strenger conditional penaltics and tighter improved
citprcily coclficients,
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