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Abstract: Performance tuning often involves consideration of adding another server to the
system. Owing to changes in technology, the additional server may be of a service rate
different from that of the existing servers. Moreover, with heterogeneous servers,
consideration must be given to what service discipline should be employed. An analysis
is provided of the effect on waiting time using two service disciplines (1) weighted-priority
and (2) priority to the faster server. Examples of M/M/(1,1) and M/M/(1,2) systems are
used to illustrate the effects, and a discussion of the results is presented.

. INTRODUCTION

Performance tuning sometimes requires the
incorporation of one or more additional servers in a
system. These new servers, usually a newer model,
may have a faster service rate p4 than the service rate
o of the existing servers in the system. The problem
discussed in this paper is what service discipline will
give the shortest waiting time in such a
heterogeneous system, given that some time may
have to be spent in a router. Two service disciplines
are considered that give some priority to the faster
server: (1) a weighted-priority (WP) service discipline
in which the probability that a job will go to a server of
a particular server type is equal to the fraction of
available servers of that type weighted by the service
rates, as shown in the Markov lattice for the general
M/M/(m,n) system (m faster servers and n slower
servers) in Figs. 1 and 2, where the transition
coefficients r,s and s,g in the Markov lattice are given
for the WP service discipline by
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(note the edge conditions sp,=1, ry,=0, s;,=0, and rj,=1)
and (2) a faster-server (FS) service discipline in which
a job is always sent to one of the faster servers if one
is available, otherwise to one of the slower servers. It

can be seen that the FS case is a special case of the
WP case with the transition coefficients s; and r;
defined as follows, assuming the type-1 servers are
the faster servers:
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The solution' to the general M/M/(m,n) system has
been treated, but in this paper only the m=1 case is
considered, i.e., there is only one server of the faster
type. Two cases are treated here, the n=1 and n=2
cases.

It should be remarked that a system utilization p is
defined for systems in which all the servers have the
same service rates; but this becomes ambiguous
when the service rates are not all the same since
utilization will depend on the particular service
discipline employed. As can be shown' from the
expressions for the mean queue length and the mean
number of jobs in the system, the mean number of
jobs being served depends on the service discipline
being used, so a different quantity for the utilization
would have to be derived for each type of service
discipline and for each type of server, which would be
rather complicated functions of the p;. Accordingly, it
seems preferable to avoid use of the term “utilization”
when treating heterogeneous server systems and to
use specific service rates m=u/)\ instead.
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Figure 1. Exterior of the Markov lattice for the M/M/(m,n) system of two-server-types.



Il. CASE (1.1) probabilities and mean queue lengths for this case for
— both WP and FS service disciplines has been worked
out, but only the mean number of jobs in the system

L""Vis needed here:

This is the case of one fast server and one slow

server. The complete solution' for all the state
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The state probability p(ij,k) is defined as the
probability that the system has i jobs in type-1 servers,
j jobs in type-2 servers, and k jobs in the queue; and
specific service rates my=p/h, my=p,/A are used to
simplify the expressions. Note that in the case of equal
service rates, u= pup, the usual results? for the M/M/2
case are recovered, where p = 1/(my+m;,) = M2
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By Little’s formula,® the waiting times are directly
proportional to the number of jobs in the system.
Figure 3 shows the ratio of and Fig. 4 the difference
between the WP and FS waiting times for the (1,1)
system as a function of the ratio of the service rates for

several values of specific service rate of the slower
server.

lll. CASE (1,2)

This is the case of one fast server of service rate py
and two slow servers of service rate p,. With the aid
of sum rules® for the state probabilities, the complete
solution” for all the state probabilities and mean queue
lengths for this case for both WP and FS service
disciplines has also been worked out. The solution of
the state probabilities is rather more complicated than
in the (1,1) case. For convenience in simplifying the
expressions, the quantities M and N are defined as
M=mq+m,, N=my+2m,. The mean numbers of jobs in
the system for FS and WP service disciplines become,
respectively,
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where the last term in Lyp"? is the WP mean queue
length and the A’s in the denominators are

Ayp = MN(m} +2m3)
+m,[8M* —2m)]

+2mm,N(m; +12mm, +26m,m3; +15m3)
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Note that in the case of equal service rates, p; = o,

the usual results® for the M/M/3 case are recovered,
where p = 1/(my+2m;) = M3p:
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IV. DISCUSSION OF RESULTS

A. Qualitative results

The similarities in the curves in Figs. 3 and 5 and in
Figs. 4 and 6 suggest general functional forms that
likely obtain for larger numbers of the slower server.
Of course, to obtain explicit results for one fast server
and three or more of the slower servers, the equations
for the state probabilities must be solved for both WP
and FS cases, and this has been done numencally
for some cases but not algebraically. The examples
for (1,1) and (1,2) systems treated here provide a good
indication of what results might be expected.

The ratio Wiwp / Wks is unity for a. =1, since all servers
have the same service rates and there is no difference
in the service disciplines. As the ratio of the service
rates a =my/m, increases for fixed m,, both W,r and
Wes must decrease to zero since the service rate of
the faster server is increasing and jobs are taking less
time to process using either service discipline. The
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Figure 2. Interior of the Markov lattice, (0<i<m) and
(0<j<n), for the M/M/(m,n) system of two server types.
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ratio of the waiting times Wyp / Wks increases with o
since Wes is decreasing faster than Wiyp is decreasing
owing to more jobs being serviced by the faster server
in the FS service discipline. However, this ratio does
not increase without bound but approaches an
asymptotic limit; specifically, W\yp / WEks has a least
upper bound of [1+(n+1)m,)/(1+m;), where n is the
number of type-2, i.e., slower, servers in the system.

The difference in the waiting times vanishes at o=1
since all servers have the same service rates and
there is no difference in the service disciplines. This
difference is positive for g¢>1 since the WP service
discipline will not take advantage of the faster server
as well as the FS will. This difference will reach a
maximum since it must eventually go to zero as a
increases; specifically, m{(Wwp — Wes)/n—1 as o — .

B. Quantitative results

From Figs. 3 and 5, it is seen that the ratio of the
waiting times increases rapidly for small values of a.
As p4 increases up to 5u, for my =1.0, Wyp / Wes
increases by 23% and 44% for (1,1) and (1,2) cases,
respectively, showing the advantage of the FS service
discipline with the one additional server. As discussed
above, this advantage increases as the service rate of
the faster server increases relative to that of the slower
server, but the rate of increase in this advantage is
decreasing. It is clear from the sets of curves in Figs.
3 and 5 that the advantage in the use of the FS service
discipline is greater for larger specific service rates of
the slower server, i.e., for a larger service rate p, or
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Figure 3. Ratio of waiting times Wiyp/ Wes for (1,1) system as a function of the ratio a=p+/p; of the
service rates for several values of the specific service rate of the slower server.
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Figure 4. Difference in waiting times Wiyp -Wks for (1,1) system as a function of the ratio a=p4/u, of the
service rates for several values of specific service rate of the slower server and for unit arrival rate A.
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Figure 5. Ratio of waiting times WAyp/Wks for (1,2) system as a function of the ratio a=p/p, of the
service rates for several values of the specific service rate of the slower server.
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Figure 6. Difference in waiting times Wiyp -Wks for (1,2) system as a function of the ratio a=p4/u, of the
service rates for several values of specific service rate of the slower server and for unit arrival rate A.



smaller arrival rate A. This should be taken into
account in deciding whether to use the FS service
discipline.

The difference curves, Figs. 4 and 6, show more
structure and are of special interest since the
difference must be greater than the difference in the
delays needed to route the jobs through the router.
These curves are generated from the difference in the
mean number of jobs in the system, Lyp — Lgs , with
unit arrival rate assumed. Use is made of Little’s
formula to convert the mean number of jobs in the
system to total waiting time, W=L/A. Note, however,
that doubling the arrival rate A does not simply halve
the difference in waiting times since Lywp — Lrs is also a
function of the arrival rate.

From Figs. 4 and 6 it is seen that the difference in
waiting times rises to a peak for small values of «, in
the range 5 < a < 10. This means that if the difference
in the routing delays is significant, then it may not be
an advantage to use FS instead of WP service
discipline if the faster server is very much faster than
the slower server(s). That is, even though the waiting
time (not counting router delay) is shorter with FS, the
additional delay caused by the routing may result in a
longer rather than shorter waiting time than with WP
and nullify the advantage.

Note also from Figs. 4 and 6 that the curve with the
highest peak in the waiting time difference occurs for
specific service rate of the slower server m, = 0.7 for
the (1,1) case and for m, = 0.5 for the (1,2) case; that

is, the peak does not increase or decrease
monotonically with m, but is maximized for a particular
value of m,.

The objective in performance tuning is to minimize the
total waiting time W, while bearing in mind the cost
implications of the changes to the system. In
performance tuning, both the number of slower servers
and their service rate u, are given, and only p4 can
vary. So the tuning will involve only one curve on a
chart such as in Figs. 3 — 6. Increasing p4 will certainly
decrease the waiting time W. The question is whether
to use the FS or WP service discipline, either of which
will require a router. In order to use the FS service
discipline instead of the WP service discipline, one
must use a faster server with service rate p; such that
y is large enough to produce as large a ratio Wiyp /
Wes as possible while also maintaining the difference
Wwe — Wes greater than the difference in the router
delays and also considering the cost effectiveness of
the total solution.
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